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Unit 04b: Statistics 2 — (Stats 2) Assignment — 5

Statistics 2 (half unit)

Candidates should answer all FOUR questions: QUESTION 1 of Section A
(40 marks) and all THREE questions from Section B (60 marks in total).

Candidates are strongly advised to divide their time accordingly.

A list of formulae is given after the final question on this paper.

New Cambridge Statistical Tables (second edition) are provided.

A calculator may be used when answering questions on this paper and it
must comply in all respects with the specification given with your

Admission Notice. The make and type of machine must be clearly stated on
the front cover of the answer book.

PLEASE TURN OVER



SECTION A

Answer all five parts of question 1 (40 marks in total).

1. (a) For each one of the statements below say whether the statement is
true or false explaining your answetr.

I. If A and B are independent, then A® and B¢ are independent.

ii. Let X be a random variable; The variance of X + 7 is larger than
the variance of X.

iii. P((A U B) N (A° U B%)) = P(A) + P(B) - 2P(A M B).

iv. Var (X +Y) =Var (X) + Var (Y) — 2Cov(X,Y)

V. Consider the mutually exclusive and exhaustive events A, B
and C. Is it possible to have

P(AUB)=%Y% ,P(BUC)=%%andP(CuUA)=2/37

(15 Marks)
(D) A random variable, X | is normally distributed with mean u and variance o’

Given that E(X?)=5 and P(X >5)=0.02275,
evaluate

@ and o’
(5 Marks)

(©) For the binomial distribution with a probability of 0.25 of success in an

individual trial, calculate the probability that, in 50 trials, there are at least 8
successes:

() from the normal approximation without continuity correction;
(b)  from the normal approximation with continuity correction.

Compare these results with the exact probability 0.9547 and comment.

(5 Marks)



(d) At one stage in the manufacture of an article a piston of circular cross-
section has to fit into a similarly shaped cylinder. The distributions of
diameters of pistons and cylinders are known to be normal with
parameters:

Piston diameters:  mean 10.42 cm, standard deviation 0.03 cm.
Cylinder diameters: mean 10.52 cm, standard deviation 0.04 cm.

If pairs of pistons and cylinders are selected at random for assembly, for
what proportion will the piston not fit into the cylinder?

What is the probability that in 100 pairs, selected at random, no pistons will
fail to fit?

Calculate an approximation for this probability, using a Poisson distribution,
and discuss the appropriateness of using such an approximation.

[Hint : Assume D is the difference in diameter of a piston
and a cylinder , then the piston will fitif D > 0 ]

(5 Marks)

(e) X and Y are discrete random variables that can assume values 0,1
and 2 only.

p(X=x,Y =y)=A(x +y) for some constant A and x, y € {0,1,2}

1) Draw up a table to describe the joint distribution of X and Y and
find the value of the constant A.
i1) Describe the marginal distributions of X and Y.
ii1) Give the conditional distribution of X|Y =1 and find E(X|Y = 1).
iv) Are X and Y independent? Give reasons for your answer.

(10 Marks)



SECTION B

Answer all the THREE questions in this section (60 marks in total).
2. (a) State and prove Baye’s theorem. (5 Marks)

(b) A man has two bags, bag A contains five keys and bag B seven. Only one
of the twelve keys fits the lock that he is trying to open.

1. What is the probability that the key which would fit the lock is in the bag A?

The man selects a bag at random, picks out a key from the bag and tries
that key in a lock.

2. \What is the probability that the key he has chosen fits the lock?
Suppose the key first chosen does not fit the lock.
3. What is the probability that the bag chosen
i) is the bag A?
i) contains the required key?

4. Should the man take a second key from the bag he first selected or should
he make his second selection from the other bag?

(11 Marks)
(c) Suppose that P(4)=2p, P(B)=p, P(B|4)=1pand P(4UB)=08.

Evaluate p. > marks)
arks



3. (a) A fair die is thrown twice. Let A be the event that the first
throw is less than 3 and B be the event that the sum of the two
throws is 7 or 8.

i. Draw a diagram of the sample space and mark the events A and B.
ii. Evaluate P(A), P(B) and P(B|A). (5 Marks)

(b) The distribution of a random variable X is as follows

X -1 0) 1
P(X=x) a b a

Calculate Cov(X , X?) .Are X and X? correlated ? (5 Marks)

(c) The random variable X has a density function given by

a
fy () —(14_—)()5

defined over the region x > 0. Find the value of the parameter a.

FindalsoE (1 + X), E (1 + X)?, Var(X) and Cov(x +1, xl J
+

(10 Marks)

4. Consider two random variables X and ¥. They both take the values 0, 1 and 2. The joint
probabilities for each pair are given by the following table.

X=0|X=1|A=12
¥=0| 0.10 | 0.06 | 0.14
¥=1)| 008 | 0.06 | 0.16
¥=2| 020 | 0.08 | 0.12

{(a) Calculate the marginal distributions, and the expected values of X and T

(S marks)
(b) Calculate E(X|¥ = 1)and E(X|X +7 =3).

{6 marks)
(c) Define U = |[X — 1| and IV = ¥. Calculate the covariance of I and .

{6 marks)
(d) Are U and IV are independent variables? Explain your answer.

(S marks)

END of QUESTIONS




Formulae for Statistics

Discrete Distributions

Binomial Distribution

Poisson Distribution

Hypergeometric Distribution

The probability of x successes in » trials 1s

’ i - \
( ) w(1—m)"
.

for x=10.,1.....,n The mean number of successes is 7 and
the variance 1s (1 — m).

The probability of x 15

The mean number of successes 1s x and the variance is
u.

¥

The probability of x successes in a sample of size » from a
population of size N with M successes is

()

The mean number of successes 15 nM /N and the variance is
n(M/N)(1—-M/N)(N—n)/(N—1).



