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Difference Equations III

Topic

Interpretation

Solution of Difference Equations
(2) Linear Second Order:

a. Homogenous equation:

Yt+2 +aYe+1 +byr = 0
where a , b are constants and

b#0; t=0,1,2,...
The general solution :
Yt = Yec
where vy is the
complementary function

yc= Ar' +Bry ; A, B are
some constants.

ri and r, are the roots of the
auxiliary equation :

P +ar+b=0
Case 1:
yt = Ar + Br,
ri, r, are real and
equal; r=ri=n
Yt = (A-l—Bl‘)l”t

Case 2:

Case 3 : ri, r; are imaginary
r1=g+ih rz—g—ih
g = 7 h = —V4b Cl

= (JZ)’(Acosat+Bs1nat)

- —-a
A,B constants ;o =cos}(—=

2./b

r, and r, are real distinct.

Examples:
(1) Yt+2 -2¥t+1 -15y: = 0
Given yo =3 ; yi=7

the auxiliary equation : > —=2r—15=0
(r+3)(r-5)=0=r=-3;r=5two
distinct real roots: y: = A(-3)" + B(5)'

t=0: yo= 3 =A(-3)’+B(5)’=A + B

t=1:y;=7 = A(-3)' +B(5)'= -3A + 5B
Solving-3A+5B=7;A+B=3
simultaneously : A=1,B =2

=vye = A(=3)" + B(5)' = ()(=3) +2(5)'
(2) Yi+2 6Yt+1 +9yt = 0

the auxiliary equation : 7> —6r+9=0
(r-3)=0=r=3;r=3two equal
real roots:

yi = (A + Bt)(3)
(3) Ye+2 +0.5y¢4+1 +0.25y¢ =0
the auxiliary equation: 7> +0.57 + 0.25=0

_ +./— ;
0.5£4-075 _ —0.251%«/0.75

2
yt =(+/0.25)" (Acosa t + Bsina t)

\/_) cos(-0.5/2+/0.25)

= cos(-0.5 =—
( ) 3

Y = (0.5)’(Ac052%t+3sin2?ﬂz)

o =cos™(
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b. Non Homogenous Equation:

Yt+2 +aYt+1 +byr = 1t
where a , b are constants and

bx0; t=0,1,2,....
The general solution :
Yt =Yc+ Yp
where vy is the
complementary function and y,
is the particular solution.

yc= Al +Br, ; A, B are
some constants.
ri and r are the roots of the
auxiliary equation :

P +ar+b=0
Finding the Particular Solution
Case 1l : r = cis constant

Yi+2 +ayis1 +byr = C

The particular solution is :

= ;a+b#-1
Yr l+a+b

= t;a+b=-1;a #-2
Ve 2+a
yp=§t2 ya+b=-1;a=-2

Conditions for oscillation: assume
the roots of the auxiliary equation
are r; and ry;time path is
oscillating in the following cases:

1. The dominant root is

negative:r; < 0; |ri] > r;

2. Both roots are negative.

3. Both roots are complex.
Conditions for convergence:
1.The dominantroot > 1: |r;| > 1
Diverges.
2.The dominantroot<1: |r| <1
Converges.

Example 2:Find
(a)the particular solution

(b)the complementary function (c) the
general solution
(d)the definite solution (e)comment on
the dynamic stability of :
1. YVey2 +7Yi+1 +6Y: = 42
y0=16 ’ Y1='35
2. Yi+2 +2y: = 24
Y0=11 / YI=18
3. Yt+2 '11Yt+1 +10yt =27
Yo=2,y1=53
Example 2 Answers:
1. Vi +7Ve41 6y = 42
(a) a+b=7+6 =13 #-1

r l+a+b
(b)The auxiliary roots : P2+ Tr+6=0
r=-1,r=-6

The complementary function:

Yo = Ar + Bry = A(-1)' + B(-6)"

(c) The general solution: yt = yc + Yp
yt = A(-1)' + B(-6)' + 3

(d) yo=16 = A+B+3 = 16

y1=-35=-A -6B+3 = -35
Solving simultaneously A=8 ,B =5
The definite solution:
vt = 8(-1)' + 5(-6)' + 3
(e) The auxiliary root with the largest
absolute value is called the dominant root
because it dominates the time path.
In this case -6 is the dominant root since
[-6] =6 > |-1] =1
-6 < 0 it oscillates; since |-6] > 1 it
diverges (explodes).Therefore the time path
is divergent oscillating.
2. Yt+2 +ZYt = 24
(a) a+b=0+2 = -1 ;

C

R 8
Y l1+a+b
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Case 2 : r; is NOT constant

Ye+2 +aYe+1 +Dye = 1t
The following table gives the
trial y, for different values of r;

It Yp
t" Ag+At+. . +AL"
eg.t+3 |A+ Bt

2t° A + Bt + Ct?
at Aat
e.g. 2! A2'

2"+t |A2'+Bt+C
a't" a'(Ap+Ast+....+At")
e.g. 2" (t) | 2%(Bt + Q)
a' sinbt a‘(Acosbt + Bsinbt)
e.g. sin2t | Acos2t + Bsin2t
a' cosbt a‘'(Acosbt + Bsinbt)
e.g.costt|Acostt + Bsinzt

Solution method: Substitute the
particular solution in the original
equation to find the constants.

Examples :

r=3t+ 2, yp=A+ Bt

r=t;yp=A+ Bt + Ct? + Dt’

rr = 2cos3t +t;

yp= Acos3t + B sin3t + C + Dt

Examples: Solve the following

equations:

1. 9Yt+2 +6Yt+1 +yt = 2t+ 1
y1=1 r Y2= 3

2. Yt+2 -5Yts1 +6yr = 3T+ t

3. 2¥t+2- Ye+1 - Ye = SiN7 t

(b)The auxiliary roots : 7> +2=0

r= —i\/i,r=+i\/§

The complementary function:
ye=(2) (Acosa ¢ + Bsina 1)

a=cos{(—Z)= cos'1(0)=%

2b

Ve = (ﬁ)’(Acos%t+Bsin%t)

(c) The general solution: yt = yc + Yp
Yt = (ﬁ)’(Acos%t+Bsin%t)+ 8

(d) yo=11 =A+8 = 11=>A = 3

y1i=18=+/2 (0 + B)+8 =18

=B = 1_0=7_O7

NG

Yt = (\/E)’(Scos%t+7.07sin%t)+ 8

(e) with V2 >1 ,the time path is
divergent. Oscillating for having
complex auxiliary roots. Divergent
oscillating.

3. Yi+2 = 11Yis1 +10yt =27

() a+b=-11+10=-1; b #-2

_ C

2+a

(b)The auxiliary roots : 7> =117 +10=0
r=1,r=10
The complementary function:
ye = Ar{ + Br, = A(1)'+B(10)'=A+ B(10)"
(c) The general solution: yt = yc + Yp
vi = A + B(10)' -3t
(d) yo=2 =>A+B =2
y1=53=>A +10B -3 =53
Solving simultaneously A =-4 ,B =6
The definite solution:
Yt = -4 + 6(10)" - 3t
(e) The time path is divergent since the
dominant root 10 is greater than 1.
Non-oscillating since 10 is positive.

t =-3t

Vp
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1. Y42 +6Yi41 +Ye = 2t + 1
yi=1,y>=3

The auxiliary equation : 9r* + 6r+ 1 =0i.e. 3r+1) (3r+ 1) =0

r = -1/3 two equal real roots.

The complementary function : y. = (A + Bt)(-1/3)"

For a particular solution ,try y, = C + Dt substitute this in the original
Equation : 9yi42 +6Yi+1 +ye = 2t + 1

=>9[C+D(t+2) ] + 6[C + D(t+1)] + C+ Dt =2t + 1

= (9D + 6D + D)t + 9C + 6C + C+18D+6D = 2t+1

= 16Dt + 16C +24D = 2t + 1 equating coefficients of t and the constant
terms:16D =2 ; D =1/8 ; 16C +24(1/8)=1; C=-2/16 = -1/8
Hence y, =(1/8)t -1/8

The general solution : y: = yc + yp = (A + Bt)(-1/3)' +(1/8)t - 1/8
Now use y;=1, y,= 3 to find Aand B

2. Yt+2 -5yt+1 +6yt = 4t + t

The auxiliary equation : r* -5r + 6 =0i.e. (r-2)(r-3)=0;r=2,r=3.
The complementary function : y. = A(2)" + B(3)"
For a particular solution ,try y, = C4' + D + Et substitute this in the
original Equation : Yi+2 -5Yis1 +6yr = 45 + t
C4"? + D + E(t+2) - 5[C4""" + D + E(t+1)]+6(C4"' + D + Et) =4' + t
to find C=1/2 ,D=3/4 and E=1/2
Yo =C4"+ D + Et = (1/2) 4" + 34 + t/2
Yi = Yo+ Yp=AR) + B3) + (1/2) 4+ 34 + t/2

3. 2Yt+2- Ytr1 - Y = Sinzt

The auxiliary equation : 2r> -r-1 =0i.e. 2r-1)(r-1) =0
r=1/2,r=1.

The complementary function : y. = A(1/2)' + B(1)" = A(1/2)' + B

For a particular solution ,try y, = C cosz t + D sinx t substitute this in the

original Equation : 2yt4+2 -Yt+1 - Yt = sinzt  to find C and D.
2(C cos(t+2)7r + D sin(t+2)7) -( C cos(t+1)7 + Dsin(t+1)7r ) -(Ccoszt + D
sintt) =sinxzt
Now sin(t+2) 7 = sinzt, cos(t+2) # = cosxzt, sin(t+1) 7 =-sinxzt,
cos(t+1) 7 =-cosxt:
2(Ccostr + Dsintr)—-(-Ccostr -Dsintr)-(Ccosztt+ Dsinzt)=sinzt
2Ccostr -2Dsintr =sinzt ;C=0,; D=-1
Ye =VYe+ Yp=A(1/2)'+ B-asinzt
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