
Topic Interpretation 
Solution of Difference Equations 
(2) Linear Second Order:  
 
 a. Homogenous equation: 
     yt+2 +ayt+1 +byt = 0  
    where a , b are constants and  
    b ;   t = 0,1,2,….. 0≠
The general solution : 
           yt = yc  

02 =++ ba

where  yc  is the 
complementary function 

yc =  ;  A , B  are 

some constants. 

tt BrAr 21 +

r1 and r2 are the roots of the 
auxiliary equation :  

                    
Case 1 : r1 and r2 are real distinct. 

              yt =  tt BrAr 21 +

trBtA )( +

Case 2 :  r1, r2  are real and  
            equal; r = r1= r2   

               yt =  

Case 3 :  r1, r2  are imaginary      
r1 = g + ih , r2 = g – ih              

g =  ; h = 24
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Examples: 
(1) yt+2 -2yt+1 -15yt = 0 
      Given  y0 = 3 ; y1= 7 

the auxiliary equation :   
(r +3)(r -5) = 0 ⇒  r = -3 ; r =5 two 

distinct real roots:  yt =  tt BA )5()3( +−
00 )5()3( BA +−

⇒ tt BA )5()3( +−

t=0 : y0= 3 = = A + B  

t=1 : y1= 7 = = -3A + 5B 11 )5()3( BA +−
Solving -3A + 5B = 7 ; A + B = 3 
simultaneously : A = 1 , B = 2 

yt = =  tt )5(2)3)(1( +−
(2) yt+2 -6yt+1 +9yt = 0 

the auxiliary equation : 0962 =+− rr   
(r - 3)2 = 0 ⇒  r = 3 ; r =3 two equal 
real roots: 

yt =  tBtA )3)(( +
(3) yt+2 +0.5yt+1 +0.25yt = 0              

the auxiliary equation: 025.05.02 =++ rr   
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yt = ) sin cos()25.0( tBtAt αα +  
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)=cos-1(-0.5/2 25.0 ) 

   = cos-1(-0.5)=
3

2π
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b. Non Homogenous Equation: 
    yt+2 +ayt+1 +byt = rt 
    where a , b are constants and  
    b ;   t = 0,1,2,….. 0≠
The general solution : 
           yt = yc + yp 
where  yc  is the 
complementary function and yp 
is the particular solution. 

yc =  ;  A , B  are 

some constants. 

tt BrAr 21 +

r1 and r2 are the roots of the 
auxiliary equation :  

                   02 =++ barr  
Finding the Particular Solution  
Case 1  : rt = c is constant 
    yt+2 +ayt+1 +byt = c  
 
The particular solution is : 

ba
cyp ++

=
1

 ;  1−≠+ ba

 

t
a
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=
2

 ; ; a - 2 
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tcy p =     ;  ; a = - 2 1−=+ ba

Conditions for oscillation: assume 
the roots of the auxiliary equation 
are  r1 and r2;time path is 
oscillating in the following cases: 

1. The dominant root is 
negative:r1 < 0 ; |r1| > r2 

2. Both roots are negative. 
3. Both roots are complex. 

Conditions for convergence: 
1.The dominant root > 1 : |r1| > 1 
 Diverges. 
2.The dominant root < 1 : |r1| < 1 
 Converges. 
 

Example 2:Find  
(a)the particular solution 
(b)the complementary function (c) the 
general solution 
(d)the definite solution (e)comment on  
the dynamic stability of :                         
1. yt+2 +7yt+1 +6yt = 42  ; 
    y0=16 , y1=-35         
2. yt+2 +2yt = 24  ; 
    y0=11 , y1=18         
3. yt+2 -11yt+1 +10yt = 27   
      y0=2 , y1=53 
Example 2 Answers: 
1. yt+2 +7yt+1 +6yt = 42   
(a)   a+b= 7 + 6 = 13 -1 ≠
     = 3 

(b)The auxiliary roots : 0672 =++ rr   
r = -1 , r = -6  
The complementary function: 

yc = = A(-1)tt BrAr 21 + t + B(-6)t 

(c) The general solution: yt = yc + yp 

       yt = A(-1)t + B(-6)t + 3 
 
(d) y0=16 ⇒A+B+3 = 16 
     y1=-35⇒ -A -6B+3 = -35  
Solving simultaneously A = 8  , B = 5  
The definite solution: 
yt = 8(-1)t + 5(-6)t + 3 
(e) The auxiliary root with the largest 
absolute value is called the dominant root 
because it dominates the time path. 
In this case -6 is the dominant root since     
|-6| =6 > |-1| = 1  
-6 < 0 it oscillates; since |-6| > 1 it 
diverges (explodes).Therefore the time path 
is divergent oscillating. 
2. yt+2 +2yt = 24 
(a) a+b= 0+ 2 ≠  -1 ; 

      
ba

cyp ++
=

1
 =  8                              

For comments, corrections, etc…Please contact Ahnaf Abbas: ahnaf@uaemath.com 
This is an open source document. Permission is granted to copy, distribute and/or modify this document 
under the terms of the GNU Free Documentation License, http://www.gnu.org/copyleft/fdl.html        
Version 1.2 or any later version published by the Free Software Foundation. 
 

                                              http://www.mathyards.com/lse

ba
cyp ++

=
1

1−=+ ba ≠

                         
                                                                        

2



 
Case 2  : rt  is NOT constant 
 
    yt+2 +ayt+1 +byt = rt 
The following table gives the 
trial yp for different values of rt 
 
     

rt yp 

tn 
e.g. t + 3  
       2t2 

A0+A1t+…+Antn 
A + Bt 
A + Bt + Ct2 

at 
e.g. 2t 
      2t + t  

Aat 
A2t 
A2t + Bt + C 

at tn 
 
e.g. 2t (t) 

at(A0+A1t+….+Antn) 
 
2t(Bt + C) 

at sinbt 
e.g. sin2t 

at(Acosbt + Bsinbt) 
Acos2t + Bsin2t 

at cosbt 
e.g. cosπ t 

at(Acosbt + Bsinbt) 
Acosπ t + Bsinπ t 

 
Solution method: Substitute the 
particular solution in the original 
equation to find the constants. 
 
Examples : 
 
rt = 3t + 2 ; yp= A + Bt  
 
rt = t3 ; yp= A + Bt + Ct2 + Dt3 
 
rt = 2cos3t + t ; 
 
yp= Acos3t + B sin3t + C + Dt 
  
Examples: Solve the following 
equations: 
1. 9yt+2 +6yt+1 +yt = 2t + 1 
     y1=1 , y2= 3            
2. yt+2 -5yt+1 +6yt = 3t + t 
 
3. 2yt+2 - yt+1 - yt = sinπ t       

(b)The auxiliary roots : 022 =+r   

r = 2i−  , r = 2i+   
The complementary function: 

yc= ) sin cos()2( tBtAt αα +   

α =cos-1(
b
a

2
−

)= cos-1(0)=
2
π

  

yt = ) 
2

sin 
2

cos()2( tBtAt ππ
+  

 
(c) The general solution: yt = yc + yp 

       yt = ( + 8 

 (d) y0=11 ⇒A+8 = 11 A = 3 ⇒
       y1=18⇒ (0 + B)+8 =18 

       B = =7.07 

yt = + 8 

(e) with 2  > 1 ,the time path is 
      divergent. Oscillating for having 
      complex auxiliary roots. Divergent 
      oscillating.       
3. yt+2 -11yt+1 +10yt = 27   
(a) a + b = -11+10 = -1 ; b - 2 ≠

        t
a
cyp +

=
2

 = -3t  

(b)The auxiliary roots : 010112 =+− rr   
     r = 1 , r = 10  
The complementary function: 

yc = = A(1)tt BrAr 21 + t+B(10)t=A+ B(10)t 

(c) The general solution: yt = yc + yp 

         yt = A + B(10)t -3t 
(d) y0=2 A + B = 2 ⇒
     y1=53 A +10B - 3 = 53  ⇒
Solving simultaneously A = -4  , B = 6  
The definite solution: 
yt = -4 + 6(10)t – 3t 
(e) The time path is divergent since the 
dominant root 10 is greater than 1. 
Non-oscillating since 10 is positive. 
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  1. 9yt+2 +6yt+1 +yt = 2t + 1 
     y1=1 , y2= 3    
   
      The auxiliary equation : 9r2 + 6r + 1 = 0 i.e. (3r + 1) (3r + 1) = 0  
      r = -1/3 two equal real roots. 
      The complementary function : yc = (A + Bt)(-1/3)t  
      For a particular solution ,try yp = C + Dt  substitute this in the original  
      Equation : 9yt+2 +6yt+1 +yt = 2t + 1 
     ⇒9[C + D(t+2) ] + 6[C + D(t+1)]  + C + Dt  = 2t + 1 
      ⇒ (9D + 6D + D)t + 9C + 6C + C+18D+6D = 2t+1  
     ⇒  16Dt + 16C +24D = 2t + 1   equating coefficients of t and the constant  
      terms:16D = 2 ; D = 1/8  ; 16C +24(1/8)= 1 ; C = -2/16 = -1/8 
     Hence yp =(1/8)t -1/8  
     The general solution : yt = yc + yp = (A + Bt)(-1/3)t +(1/8)t – 1/8   
     Now use y1=1 , y2= 3  to find A and B  
 
  2. yt+2 -5yt+1 +6yt = 4t + t  
 
     The auxiliary equation : r2 -5r + 6 = 0 i.e. (r - 2) (r - 3) = 0 ; r = 2 , r = 3 . 
      The complementary function : yc = A(2)t + B(3)t 
         For a particular solution ,try yp = C4t + D + Et substitute this in the  
         original Equation : yt+2 -5yt+1 +6yt = 4t + t  
        C4t+2 + D + E(t+2) – 5[C4t+1 + D + E(t+1)]+6(C4t + D + Et) =4t + t  
        to find C=1/2 ,D=3/4 and E=1/2  : 
        yp = C4t + D + Et = (1/2) 4t + ¾ + t/2  
        yt = yc + yp = A(2)t + B(3)t + (1/2) 4t + ¾ + t/2 
 

3. 2yt+2 - yt+1 - yt = sinπ t 
 

      The auxiliary equation : 2r2 -r -1 = 0 i.e. (2r - 1) (r - 1) = 0  
        r = 1/2 , r = 1 . 
     The complementary function : yc = A(1/2)t + B(1)t = A(1/2)t + B 
       For a particular solution ,try yp = C cosπ t + D sinπ t substitute this in the  

    original Equation : 2yt+2 -yt+1 - yt = sinπ t     to find C and D. 
2(C cos(t+2)π  + D sin(t+2)π ) –( C cos(t+1)π + D sin(t+1)π ) –( C cosπ t + D 
sinπ t) = sinπ t 
Now sin(t+2) π  = sinπ t, cos(t+2) π  = cosπ t, sin(t+1) π  =- sinπ t ,    
cos(t+1) π  =- cosπ t : 
2(C costπ  + D sintπ ) –( -C costπ  - D sintπ ) – ( C cosπ t + D sinπ t) = sinπ t 
2 C costπ  - 2 D sintπ  = sinπ t  ; C = 0 ; D= -½   
                            yt = yc + yp = A(1/2)t + B - ½ sinπ t 
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