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Topic

Interpretation

Difference Equations

Difference equation (or Dynamical
system) is a sequence of numbers
that generated recursively using a
rule to relate each number in the
sequence to previous numbers in the
sequence.

Examples:
Yt = a + bYi.1; a, b constants.
Yk+2 +Yk+1 -6Yk = 0
Order of Difference Equation
The order of a dynamical system or
difference equation is the difference
between the largest and the smallest
arguments k appearing in it.
Find the order of the following
difference equations:
(1) Ye3= 3Yks =0
(2) Yies ta¥eer = bYia + €

(1) k3-(k4)=-3+4=1

Dynamical system is a system that
changes over time.

Difference equation is an equation
involving differences. We can see
difference equation from at least three
points of views: as sequence of number,
dynamical system and iterated function.

x =5 is an example of a static system

because the variable x is constant over

time.

x = 5t is an example of simple dynamic
system. The system is depending on the
value of the time t.

Example:
Y«+1= a Yi+b has order
K+1-k=1

(2) k+3-(k-1)=3+1=4

Solution of Difference Equations
(1) First order :
We have difference equation

Vi =ay,_, + b withinitial value y,
k=1:y =ay,+b
k=2:
v, =ay, +b=alay, +b]+b

p=ayo+b+a) [

k=3:y;,=ay,+b
=a[a2y0 +b(l1+a)]+b
y3=a3y0+b(1+a+a2)

k=n:y =ay, , +b
y, =dla"'y,+b(l+a+a*+..+a"*)]+b
y,=a"y, +b(l+a+a’* +..a"")

n—1

l+a+a®+...a" " isaGP of first term 1 ,
number of terms n and common ratior=a :

1 1-7"

l+a+a*+..a"" = a x

=1xl—a
1-r 1-

However ifa = 1 then l+a+a’+...a
YV, =Y, t+bn if a=1

n

a
-1

n =n

y,=a"y,+b(l—=a"/1-a) if a#l
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Examples:
(1)yk =2yk—l -5, Yo =MVo
) V=Y +35 y,=7

Alternative method:

Vi =ay_ +b

We find a solution which is
independent of k;Let this
solution be y” then :

v =ay+b =y

1—a
Now use the substitution:

Ve =Y + 2z
Ve=ay +b
=v +zc=ay +z1)+b
=y +zc=ay +az.+b

Buty'=ay +b =z = az.

Z; = aZp,
2, = azi=a(azy)=a’zo
Zk=akZo

% X k
Yk =Y + 2k =y ta'Zo
Sinceyk =y + zx = VYo=Y + 2o

Hence yx =y +a“(yo - y")

(1) y,=a"y,+b(1-a"/1-a)
a=2 ;b=-5

Yn

Yn

1-2"
1-2

=2"y, —5( )

=2"y,+51-2")=

=2"y,+5-5%x2"=5+2"(y, —-5)

(2)a=1;,b=3;y,=7

Y, =Yy +bn=7+ 3n

Alternative method solution:

(1) yi =2y, -5

a=2 ;b=-5

« b
1-a

y =5

yn = y* +a" (yo - y*)

Yn= 5+ 2"(yo - 5)

(2) yi=yi1+35 y,=7

a=1;b=3;y0=7

This says simply that each term is
obtained by adding 3 to the previous one
Y1= Yo +3

y2=Yy1+ 3 =Yo + 2(3)

ys=Yy2+ 3 =yo+ 2(3) + 3 =yo+ 3(3)

Yn
Yn

Yo + 3n withyg =7
7 + 3n
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