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Unit 05a : Mathematics 1

1. Show that the graphs of the functions f(z) = z* — 2z — 4 and
g(z) = 2 — 8 do not intersect, and sketch both graphs on the same
diagrtam Determine the positive values of the constant a such that the
graph of the function h(z) = az — 8 does intersect the graph of f

2. A firm is a monopoly for the good it produces Its average variable cost
function is g2 + 4, where ¢ is the quantity it produces, and it has fixed
costs of 20. The demand equation for its good is given by p+ ¢ = 20,
where p is the price. Find expressions, in terms of g, for the total
revenue and profit. Determine the production level g that gives
maximum profit.

3. Use a matrix method to determine the numbers z, y, z satisfying

1 -2 -1 T 4
-2 =3 5 7 = 9
3 1 1 z 2

4. Show that the following function has one critical (o1 stationary) point,
and determine the nature of the critical point.

Flz,y) = y* — doy + 40” + 2°y*

3
5. Determine the integral / 2%e” dx.

6. Use the Lagrange multiplier method to find the maximum value of

1 1 ——1,/2
(ﬁ + @“)

among all positive z,y satisfying z +y = /2

7. A geometric progression has a sum to infinity of 8, and its second term
is —6. Determine all possible values for the common 1atio and first
term of the series.
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8.(a) Find the critical (o1 stationary) points of the function flz) = e

Determine the nature of each critical point.

(b) The function f(z), defined for > 0, takes the form
f{x) = ar® + bz + g,

for some constants a, b, ¢. The following facts about f and its derivative
' hold:

j()=-3 f1)=-1, /1 flz)de =In2 —4

Using this information, show that the following system of equations
holds for a,b and ¢

a+b+ec = =5
2a+b—c -1
l4a+9b+ (6ln2)c = 6In2— 24,

Il

Solve this system of equations using a matrix method, to determine a,b
and ¢

O.(a) Using matrix methods, thronghont. show that there is just one value of
E for which the following system of linear equations has more than one
solution, and determine all the solutions when k takes this value. What
is the solution for other values of k7

r—y+z 2
drt+y— =z 2
—2x + ky + 6z 4.

10.(a) The number of fleas in a carpet is 10000 at the start of 2007. Bach
year, 5% of the fleas die and 2000 are born. Find an expression, in as
simple a form as possible, for the number of fleas N years after the
start of 2007. What happens to the number of fleas in the long 1un?



(b) The function f(z,y) is defined for z,y > 0 by

ye?
:E.a

fz,y) =
whete ¢ is a fixed real number Find expiessions for the partial

derivatives ‘
af 8f 0*f 0%t
oz’ By’ Bz By?
Determine the values of a for which the function will satisty the
equation

b

82 9?
YT 5—£3y8—£+12fmo

11.(a) The supply and demand equations for a good are given, respectively, by

12. (a)

g = pg -+ 112’) o rj.__ q= _pQ + ,-)-’lp n EJIL-L

where p is the price.

Determine the equilibrinm price and quantity. (4 marks)
Sketch the supply and demand functions for p > 0. (4 marks)
(b) For the function
E
flz,y) = ——— + ¥ /22 + 32
T+ y

Show that
) N7 ] S
dx ‘Jﬁ'y A

A consumer has utility function
u(z, i) = VT + VY

for two goods, X and Y. (Here, x and y are, respectively, the amounts
of X and Y consumed.) Suppose that each unit of X costs 31 and each
unit of ¥ costs 52, and that the consumer has a budget of M to spend
on these two goods,

By using the Lagrange multiplier method, determine the quantities z*
and y* of X and ¥ that maximise the consumner’s utility function subject
to the constraint on his budget. {8 marks)

What is the corresponding Lagrange multiplier, A*? {1 marks)

If V = u(z* y*) is the maximum achievable utility, what is the marginal

- ¢
utility of income, ? {2 marks)

aM



13.(a) Use the Lagrange multiplier method to find the minimum value of

flz,y) = GH) (§+ 1)

among all positive r and y satisfying z +y = 1. (10 marks)

(b) If
P L2
flz,y) =2,
find the partial derivatives
of of &f @f

Az’ dy' 8z oy

1 Show that the function

o T
T, y) = + zycos | —
fl: ..U]' Tty y (1})

1s homogeneous of degree 2, and verify that

af af
e e — P I".' .
Iai. .‘?'I{/}yI -.lir'-“rJQJ

2 Show that the function
f{ﬂf, y} —_— -T.-'Siﬂ (g) 1 Iﬂ_.‘!’f{:’:

{defined for positive z and y) is homogeneous and verify that Euler’s
equation holds.

3 Find and classify the stationary points of the function

fx,y)=x*-2x—y> +y* + 8

4 Suppose that F(z,y) = zy+/(2zy + y*). Show that

gF N aF 3P(z, )
T y— = 3F{x, y).
Dz Jﬁ'y LY



A warchonse initially contains 100 tonnes of grain. During each vear.
mice eat 5% of the amount of grain that was in the warehouse at the
start of the vear. and 3 new tonnes of grain are added to the warehonse.
By solving a first-order difference equation. find a formula. in terms of
N for the amount of grain (in tonnes) in the warchouse after N vears.
What happens to the amnount of grain in the long run?

6 A firm has production function given by

q(k, E} — klfélz],l"d:

where k and | denote, respectively, capital and labour. Each unit of
capital costs $1 and each unit of labour costs $16. Suppose t.ha,t,‘when
producing any given amount, the firm minimises its total EKPEHdltUFE
on capital and labour. Show that when the production level is g, this
minimum total expenditure on capital and labour is 8¢*. (10 marks)

Now suppose, additionally, that the firm is a monopoly for the good it
produces, and that the demand function for this good is

g=q"(p) =38—p.

Suppose also that it costs the firm $2 in raw materials for each unit of
product it produces. How many units g should the firm produce in
order to maximise its profit? (10 marks)

aw T ok AL AT TERRY

(a) Find, using the product rule, the first-order partial derivatives, of
the function
flz,y) = (2% + 4 - 2)(zy + 7).

Hence determine the stationary points of the function.(You will find it
helpful to consider the difference of the two first-order partial
derivatives.) Classify all the stationary points.
(b) Use the Lagrange Multiplier Method to maximize

2T + 6./y — z
subject to

r+uy=<c+z,

for xz,y. 2z = 0, where ¢ is a posifive constant and ¢ < 10.



8.(a) Three goods are sold in the same market. If their prices are z, Zs, T3,
then the demand quantities ¥, y2, y3, and the supply quantities 21, 2o, 23
are given by the following equations:

Y1 = 221 — Ty — 273 + 264
z1 = 4x1 + 4x9 + 523 — 30
Y2 =50 — 221 + z5 + 73
29 = 2x9 + 23 — 20

ys = 4z + 229 — 225 + 4
z3 = 16z, + 223 — 40.

Non-negative numbers 27, z3, 25 are said to be equilibrium prices if,
when the prices are z; = 27,73 = x5 and z3 = z3, then the supply and
demand quantities for each good are equal; that is, y; = 2, Yo = 2o,
and y3 = z3. Using matrix methods, find the equilibrium prices.

9.(a) Using a matrix method express the general solution of the following
system of linear equations in the form v + tu where v and u are vectors:

T+ 322 +523 = T
21’,‘1 + 43’,‘2 + 6.’1:3 = 3
dr) + 11z, + 18z3 = ¢

when ¢ = 25. What happens to your solution system when ¢ = 07

10.(a) An employee retires from work and invests a lump sum of $L in a
bank account that pays interest at the end of each year at a rate of 5%.
The employee wants to be able to withdraw an amount of $D at the
end of each of the next N years. Find an expression, in as simple a
form as possible, for the minimum lump sum L that the employee will
have to invest in order to make these withdrawals possible. Justify your
answer fully, showing all steps in your reasoning and calculations.

(b) A consumer has utility function

u(z,y) = (xﬁ + 33,;'8)1/ﬁx

for two goods, X and Y, where 0 < § < 1. Here, z denotes units of X
and y denotes units of Y. Each unit of X costs $1 and each unit of Y
costs $1. Find expressions, in terms of # and M, and in as simple a
form as possible, for the quantities of X and Y that maximise the
consumer’s utility function if she spends no more than an amount $M
on the two goods. Find also an expression for the maximum value of
the utility function in this case.



11.(a} A firm is a monopoly for the good it produces. It has average variable
cost function AVC = ¢? + 4 and it has fixed costs of 10. The demand
equation for its good is given by p + ¢ = 20, where p is the price.

Find expressions, in terms of g, for the total revenue and profit, and
determine the production level g that maximises the profit. (8 marks)

(b} The quantity of a commodity supplied to the market when the selling
price 15 P 15 believed to take the form

Q =aP? +bP + Ifj

for some constants a,b,c, for P > 1. It is known that when P = 1
the quantity supplied is @@ = 2; when P = 2 the quantity supplied is
@} = 19/2; when P = 3 the quantity supplied is @ = 62/3. Find a
system of three linear equations in the unknowns a,b,c. By using a
matrix method to solve this system, find the constants a,b,c. If the
formula is to be believed, what would be the quantity supplied if the
price was P = 47 (12 marks)

12. (a) A consumer has utility function

s

u(z, y) =3V + Y

for two goods, X and V. {Here, r and y are, respectively, the amounts
of X and Y consumed.) Suppose that each unit of X costs $p and each
unit of ¥ costs $g, and that the consumer has a budget of B to spend on
these two goods. By using the Lagrange multiplier method, determine
the quantities z* and y* of X and ¥ that maximise the consumer’s utility
function subject to the constraint on his budget. {10 marks)

(b) Consider the following system of equations.

z+y—3z
2e—y+z = 3
z+4y+az = b

Use matrix methods to determine what values a and b must take if this
system is consistent and has infinitely many solutions.

What must the value of a not be if the system has precisely one
solution?

What can be said about @ and b if the system has no solutions?



13. {a) A loan of §1 is taken out. The interest rate is fixed at 100r% per annum
and payments of $§P are made at the end each year. Let y, be the amount
of loan outstanding after ¢ repayments of P have been made.

Explain why ys = (1 +7r)ys—1 — £, o= L. (2 marks)
By solving this difference equation, find ;. (5 marks)

Suppose that the loan is to be completely repaid after N payments. Find
an expression for P, in terms of r, L and N. (4 marks)

(b} For the function

2

& X
flx,y) +§\f:€2+y2,

show that
af . of _ .. .
oz * yﬂy = flz.)

1 Show that the function
2
T

flz,y) = ey + zsin (g)

is homogeneous of degree 1, and verify that

sof + g = f@)

2. A sequence of numbers xg, 19, Ta, ... is given by rp = 1 and, for n = 1,
Ty + Tpap = 5. Find an explicit formula for z,,. (2 marks)
Describe in words the behaviour of the numbers x,,. {1 mark)

=apress the following system of equations i mwtrix form and sse a matrix
method to solve it.

r4+y+z = 4
3r — 2y + =
r—2y+3z = 5§

If
w

4. If - ,
— Y v
flz,y) =yln (m) + ze®

(defined for positive x and y), find the partial derivatives of and of

xa+y3—y'—f.



5. On the first day of 2004 in the Republic of Utopia there are 2000
on-line book retailers. During each subsequent year, the number of new
such retailers grows by 60, but by the end of the yvear 2% of all the
on-line book retailers that were in business at the start of the year will
have closed down. By solving a first-order difference equation, find an
expression, in terms of N, for the number of on-line book retailers
years after the first of January 2004. What happens to the number of
such retailers in the long run?

6. The function f(z,y) is given, for z,y # 0, by

4 2
f(may)=$+___y-
y oz

Show that f has one critical (or stationary) point and determine what
type of critical point this is.
7. Find the values of z and y that will maximise the function

(z +1)3(y + 1)? subject to the constraint z +y = 13.

8.

Determine the following integrals.

(i) /-IQ\.H.’L‘ +- 2dz. [5 marks]

(i1} / Ig_{_:ﬁdr {4 marks]
3 é T &
[135) 1 r= 1
(iii ) m dz. [0 marks|
9.

Express the following syvstem of equations in matrix form. Then, using
a matrix method, show that there is exactly one value of ¢ for which the
system has infinitely many solutions. Find all the solutions in this case.

2r4+y— 3z = 2
r—y+ 2z = 2
Jxr+3dy+ecz = 2.
What are the solutions for other values of 7 [10 mariks]

Find the values of & and ¥ that minimise the function
Fflz,y) = 8x? + Bxy + 12x + 10y% + 10y + 20

and verify that these values do indeed give a minimum. [10 marks]



10.
The function f(zx) is given by
a 2|
= ——— + ba” + cT,
flz) TR0
for some constants a, b, ¢. The value f(1) is 13, and the derivative of f
when z = 1 is 19. Furthermore, the area enclosed by the graph of fx),

-axi onis. and the line z = 1 is 20/3. Use these facts to
the z-axis, the y-axis, an e by o.b,c

show that the following system of equations must be s
a+ 4b + 4¢ = 52,
—a + 8b + 4e = T6,

3a + 2b + 3¢ = 40.
(6 marks)

mine the function

o - svstern using a matriz method, deter
By solving this system using (6 marks)

f
11.

A consumer has utility function u(zy,z:) = x122 for two goods, X, and
X;. (Here, r; and rg are, respectively, the amounts of X, and X,
consumed.) Suppose that each unit of X, costs $p; and each unit of X,
costs $p,, and that the consumer has an amount $M to spend on X
and X,. By using the Lagrange multiplier method, find expressions for
the quantities z] and z} that maximise the utility function subject to
the budget constraint. [6 marks]

What is the corresponding Lagrange multiplier, A*7 12 marks]
If V = wu(x$, £3) is the maximum achievable utility, what is the marginal

e oV, ,
utility of income, —7 [2 marks]

aM -

10



12. (a) A firm is the only producer of two goods, X and Y. The demand
equations for X and Y are given by

1
I = 50_ Epﬁ1 W= Qdﬂ_zpl"1

where x and y are the quantities of X and Y demanded (respectively)
and py,py are (respectively) the prices of X and Y. The firm’s joint
total cost function (that is, the cost of producing z of X and y of Y') is

2 + 2zy + ° + 10

Find an expression in terms of x and y for the profit function. Determine
the guantities x and vy that maximise the profit. (8 marks)

A consumer has utility function
u(z,y) = 3Inz; + Inxs

for two goods, X; and X,. (Here, z; and x, are, respectively, the amounts
of X; and X, consumed.) Suppose that each unit of X, costs $p; and
each unit of X5 costs $ps, and that the consumer has a budget of M to
spend on these two goods. By using the Lagrange multiplier method,
determine the quantities ] and z3 of X; and X, that maximise the
consumer’s utility function subject to the constraint on his budget.

(12 marks)

13. (a) Use the Lagrange multiplier method to find the maximum value of

y
:L:1 =
flzy) T+ 0+9)
among all positive = and y satisfying z + y = 1. (10 marks)
(b} A sequence of numbers g, xy,Tg,... is given by 7 = 1 and, for n = 1,
Tp + 3Tpe1 = 3. Find an explicit formula for x, (4 marks}_
(e) If
f(xn y) = _.1:\.@:
find the partial derivatives
of ., Of
— and —.
Oz dy

11



1. Suppose that f(z) = 2z — Inz (defined for £ > 0). Find the minimum
value of f(z) for & > 0. Use your result to show that for all positive
numbers T,

Inz <2r—-1n2-1.

(4 marks)
2.  The supply and demand functions for a good are given, respectively, by

q°(p) =2p* - 8p+ 39, ¢”(p) =48 — 2p - p?,

where p is the price. Find the equilibrium price and quantity.
(3 marks)

3. Express the following system of equations in matrix form and use a matrix
method to solve it.

Ir+y—2z = 3
z+y+z = 1
T4+ 3y—2z = 5

4. Determine the values of x and y that minimise the function
flz,v) =4$2+2y2 —dry—2y+4xz —3

and verify that these values of r and y do indeed minimise the function.
(4 marks)

T
5. Determine the integral | —— dz. 4 marks
. © e /552 —4r +3 { )

6.
Determine the following integrals.

oI
i} (.
) / vI+1

un/; il

2 - 31 + 2

(iii) fﬂ?2 In z dz.

12



7.a)  Find the critical point of the funetion

flz,y)=1In (.-ar'2 — 2y + ?-yg — 2y + 3]

and show that this critical point is a local minimmm.

8.

A house-buyer takes out a mortgage of amount $§M with a bank. The
bank’s interest rate is fixed at 5% per annum and payvments of $F are
made at the end of each year. Let y; be the amount of loan outstanding
after t repayments of P have been made.

Explain why y, = (1.05)y;—1 — P, yy = M. (1 mark]
By solving this difference equation, find y;. [4 marks]

Suppose that the loan is to be completely repaid after 200 payments.
Find an expression for P. in terms M. {3 marks]
o.

) Determine the following integrals.

(1) f 72e” da

(i) f:w’-’ﬂ + xdx

10.
Consider the following system of equations, where ¢ is a constant.

r+2y+z = 4
wr—2y—z = 0
er+z = 4

in matrix form. Using a matrix method, show that

all values of the constant ¢. For any fixed
(8 marks)

Express this system
this system has solutions for
value of ¢, find the solutions in terms of c.

13



11.

A student takes out a £2,000 loan to purchase a second-hand car. He is being charged an

annual interest rate of 12% on the loan which is to be repaid in equal monthly installments

of £b.

Let y, be the loan balance outstanding in the z** month.

(a) Show that y, satisfies the difference equation

Y41 = l.Oly,; —-b z €N

(b} Solve the equation in terms of b.

(c} Find b if the loan must be repaid in three years.

12, (a)

Determine the following integrals.
' z+1
i —_——dr. 5 marks
(”/z2+7z+m . ( )
(ii) fmzlna:d:::. (5 marks)
Three goods are sold in th.c same market. If their prices are py, pa, pa. then

the demand quantities qf) , qf . qf.? and the supply quantities gf . qf , .;r_e‘;T are

given by the following equations.

g7 = 40— p1+ps+ 2py
Q]S = p+2ps+ Tps — 20
@@ = 204+ p —po+ps

g% = 3pp-2ps — 120

¢ = 20+pi+p—ps

g5 = pi+2p—30.
The equilibrium prices are the non-negative numbers pj, p3, p; with the
property that when the prices are p; = p}, p» = p} and p; = p3, then the
supply and demand quantities for each good are equal. Using matrix
methods, find p}, p5. pi. (10 marks)

14



13.

(k)  Determine the following integrals.

(1) ] x(z + 2)¥* dz. (4 marks)
. r+1
(i) [ ————dxr. (3 marks)
x? 4+ 2¢ + 2
(¢) A geometric series zp, £y, ¥y, ... takes the form x, = ar*~'. It has a sum
to infinity of 3, and z; = 2/3. Show that there are two possible values of
r. and determine the corresponding values of a. {5 marks)

1 {a) A firm has fixed costs of 10 and its marginal revenue and marginal cost
functions are given, respectively, by

MR=11-¢q, MC =¢g*-3¢+3,

where g is the level of production. Determine the value of ¢ which
maximises profit, and determine also the value of this maximal profit.

[6 marks]

(b) A firm is the only producer of two goods, X and Y. The prices pyx
and py of X and Y are related to the guantities, x and v, produced, as
follows:

px + 4z = 100, py + 2y = 60.
The firm’s joint total cost function (that is, the cost of producing = of
X and yof V) is

22 + 4y + 29% + 40.

Find an expression in terms of = and y for the profit function.
Determine the quantities z and y that maximise the profit, and find the

corresponding prices py, py. {10 marks]
2.
(b) Determine the following integrals.
y [ 2 (6 marks)
(i) |z 7 dx
" _ sinz dx (6 marks)
(i} ] (cosz)? +6cosz +8

15



If
ey =1 () @ + 42

(defined for positive z and y), find the partial derivatives

af af
az % By
and show that of of

Ig +'§a—y=3f.

Using a matrix method, find all the solutions to the following system of
equatlons:

2r) —xp 41y = 4
1 —3Te +2ry =
3ry+ 1T = 4.

Using a matrix method, find all the solutions to the following system of
equations:

22 =3y+z = -1
z—=y—z = 0
2r—5y+7: = -3

Determine the values of £ and y that minimise the function
flz,y) = 52> +2° + 2ry — 6x — 6y + 5

and verify that these values of z and y do indeed minimise the function.
(5 marks}

A firm has marginal cost function Qe¥ and its fixed costs are 5. Find
its total cost function. (4 marks)

16



7.(a) Find and classify the three stationary points of the following function:
f(z,y) = 62° + 9%y — 9z° + v + 3y° — 9.
[To classify the point (0,1}, you will find it helpful to consider the
behaviour of f(z,1) near x = 0]
(b)  The function f{z} is of the form
fi{z) = ; + bz + cx?,

for some numbers a,b and ¢¢ When z = 1, f(z) = 4, when z = 2,
flz) = 4, and when x = 1, the derivative f'(x) equals —3.

Show that the following system of linear equations holds for a, b and ¢

a+b+ec = 4
a4+ db4+8 = 8§
a—-b-—2e 3.

4,  Determine the values of 2 and y that minimise the function
flr,y) = 52% + 20° + 2oy + 2z + 4y + 2

and verify that these values of z and y do indeed minimise the function.
(5 marks)

(b) Determine the following integrals.

(i) ] r’e* dz. (4 marks)
(ii) f *Vx? 4 1dx. (4 marks)

¢} A sequence of numbers xg, ), Ta,... 15 given by xp = 2 and, forn > 1,
=
Ty — 22,41 = 3. Find an explicit formula for =, (4 marks)

7.(a) Find the critical point of the function

f{ﬂl} 'U) — 2[$2—2$y+2y2—2y+2j

and show that this critical point is a local minimum.

17



(b) A firm’s production function P :R?* — R is given by

11 4
P(.’E,y) = 100(5355 + gy§)2

where = and y represent quantities of two goods. Use Lagrange multipliers to find
production levels which maximize production under the budget constraint

S5t +2 < 2050.

{b) A firm is the only producer of two goods, X and Y. The demand
equations for X and Y are given by

z =100 = px, y = 200 — 2py,

where = and y are the quantities of X and ¥’ demanded (respcct._ivg]}r}
and pyx,py are (respectively) the prices of X and Y. The firm's joint |
total cost function (that is, the cost of producing z of X and yof Y) is

2?4 2zy + y° + 10

Find an expression in terms of = and y for the profit function.
Determine the quantities @ and y that maximise the profit.

N e o e M b

1 Determine the following integrals:

25T COST
- ——dT,
1 +sin®x

f’ilﬂ{iﬁ +1))? d,

18



1 Determine the following integrals:

[ Vv 2T — IQGL'

j{ln z)? di,

J V22243

In the first integral you may wish to complete the square.

I Determine the following integrals

|
/Ed.r
9
/Ld.ﬂ:.
2 4 27 4 4

1. Determine the following integrals. In the last integral write the
numerator as r - 2z and use integration by parts.

cosT

V’l+=3.1n$
ve 1,
T

22

19



1. Determine the following infegrals.

Inz
f:rm dzx,
T
f T dz,

41 J
2 442 v

11. {a] The supply and demand equations for a good are given, respectively,
by
g=p°+4p—1, g=—p®—6p+ 27T,

where p is the price.
Determine the equilibrium price and quantity. (4 marks)

Sketch the supphy and dermand functions for p > 1. (1 marks)

{(b) Determine the following integrals.

(1) /zzv r+ 2dz. (4 marks)
{it) /-,1 : ; 2(1’.17. ' (4 marks)
J =+ 3z+

(b) Determine the following integrals:

71'/4 1
/ dx,
o +Vtan T cos? x

/(a: +2)?Inzdz

20



3}

The function f(x) is of the form

_ n b
rl = — 4 — + €5,
T gt g

for some numbers a,b and ¢¢ When z = 1, f(z) = 9, when z = 2,

flx) =5, and when z = 1, the derivative f'(z) equals —11.
Show that the following system of linear equations holds for a, b and e

a+b+e = 9
a+2b+ 8 = 20
2a4+b—c = 11.

(4 marks)

Solve this system using a matrix method, to find the numbers a, b, c.
(6 marks)

Two functions V(z,y) and U(z,y) are connected by the equation
V(z,y) = Uz, y)e %

where a and b are constants. Find
v v v
oz’ Oy’ Ox?

in terms of U and its partial derivatives.

Suppose that V' satisfies

ov 0%V oV
—Eg = _3?+28_3: - 3V.

Let
a=1, b=4.
Show that the function U then satisfies the equation
o _ v
dy  0z%
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