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SECTION A
Answer all SEVEN questions from this section (60 marks in total)

1.

The supply equation for a good is

qa=p°—4
and the demand equation is
q=p+2

where p is the price.
Sketch the supply and the demand functions for p =0
Determine the equilibrium price and quantity.

Supply g = p®>—4

(D)1t has U shape since it has positive p? term
(2)Intercepts: p-intercepts : q =0
p? - 4=0, = p=-2 or p=2 ; (-2,0) and (2,0)
g-intercpt: p=0 = g =-4 ; (0,-4)
(3) The minimum : g =2p =0 =p =0
=>q=-4 ;(0,-4)
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Thedemand : q=p + 2
Intercepts : 2
p-intercept : q=0 = p=-2; (-2,0)
g-intercept: p=0=>q=2 ;(0, 2)
To determine the equilibrium price, we solve:
p°-4=p+2 = p°-p-6=0= (p+2)(p-3)=0 >
Either p = - 2 or p=3 of which only p=3 is economically

Meaningful. p=3 = g =5




2. Find the critical points of the following function:
f(x) = x%™

and specify their nature.
f(x) = 3x%e™* —x’e™* =0 = (3X*-x%)e™ =0
bute™ #0 = 3x*-x> =0 = x*(3—-x) =0
X=0 =y =0, first point (0.0) 8
x=3 => y = 27e® , second point (3,27¢e7®)
' = (6x — 3x)e™ — (Bx? — x*)e™ = (6x — 6x* + x)e™
atx =0, f’(0) =0 , the test fails and we need to
study the sign of f = x?(3-x)e™ , since x’e™ > 0 ,
you may ignore it and study the sign of 3 — x
0 3
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Notice at x=0 , " does not change the sign, so it is a point

of inflection.
At x= 3, it maximizes f
Another way is f’(3) = -9e™> < 0 => x = 3 maximizes f

3. Determine the following integrals

J.X\/ XdX Letu=1-x ,du=-dx

= —fX\/UdU nowu=1—-x,x=1-u

— _J'(l_u)u1/2 du — _J'(UIIZ _u3/2)du — J'(u3/2 _u1/2)du

_ 2u5/2 ~ 2u3/2 +C _ 2(1_X)5/2 ~ 2(1_X)3/2 +C 5
5 3 5 3
dx du
I Letu=2-Inx, du=-dx/x, — I—
X(2 —Inx)’ u’
=-ju‘3du=—u—+C= 12+C= L ~-+C |5
—2 2U 2(2—-1nx)

4. The total cost function of a firm is

5000 + 15q +°+/14 20

Find the average cost and the marginal cost functions.

AC = TC/q = 5000/q + 15 + (+/1+ 2( 2

d 2 )
= —TC=0+ 15+ 2q(y1+2q)+q°| ———
a« +4 [24/1+2q

dg

MC = 15 + 2q(/1+2q)+9 [\/%} 4

q




5. Find the positive number a which is such that

T(1+%)dx =2

1 X
a . 2X—2+1 a 2 a
[A+2x?Wx=2= | X+ | =2=|x="]| =2
1 -2+1)1 x)1
2 2 2
=|la-——|—-|l-—|=2=2a—-——+1=2=a%?-a-2=0
a 1 a
o : 6
— a=2 or a=-1whichis rejected sincea>0 —>a=2
6. The demand function for a company is
g = 1000e°-2P
the fixed costs are 100 and the variable costs are 2 per
unit. Find the price needed to maximize the profit.
VC =2q,FC =100 = TC =VC + FC = 2q + 100
TR=pq but g=1000e°?P = . e??P=0.001q=e7°2"
1000

Ln(0.001q) =Ine®? =>-0.2p= Ln(0.001q) = p = ﬁ Ln(0.001q)
— p =-5Ln(0.001qg) , Now TR = pg = (-5 Ln(0.001q))q

n = TR — TC = -5¢ Ln(0.001q) — 2q — 100

The first part : -5 Ln(0.001q) is of the uxv
u=-5q ,u=-5

1 1
v = Ln(0.001q) ,v = —x0.001==
0.001q g
its derivative is u’v + v'u 10
n’ = -5Ln(0.001q) -5q(1/q) —2 =0

—> -5Ln(0.001q) — 7 =0
—>1n(0.001q) = -7/5 = 0.001q = e™®* = q = 1000e 7/
Now p = -5 Ln(0.001q) = - 5 In (0.001x1000e /%) = -5ln e"/°
p=-5(-7/5)= 7.

Remember Ine’’® = (-7/5)Ine = -7/5 since Ine = 1
4




7. Determine the following integrals

JXIn(l_I_X )dX Let u =In(1+x%) , 2X dx
1+X° T 14X
X
= 2dX:—dU and the integral becomes
1+ X
Ejudu_lu_ C__ Czln (1+X)+C 5
2 2 2 4 4
sin xdx | |
I—4 Let u = cosx , du = -sinx dx , sinxdx = -du
COS X
_ du_—ju“du——u—+C— 13 C - 13 L
u -3 3u 3¢0s° X
SECTION B

Answer TWO questions from this section (20 marks each)

8. (@) A firm is a monopoly for the good it produces, It has a
marginal cost function MC = g - 5 and fixed costs of
300.The demand equation for its good is given by
g = 850 — 10p where p is the price. Find expressions in
terms of q, for the total revenue and profit. Determine the
value of q that maximises the profit. Calculate this maximum
profit.

@ Tc=[MCdq =[(q—-5)dq =+qg?>-5q9+C
FC=TC(0)=300= 0+0+C=300,C=300

TC = ¥ g® - 5q + 300
TR=pq ,but gq=850—-10p = p =85 - (1/10)q
TR = [85 — (1/10)q]q = 85q — (1/10)qg?
7T = TR — TC = 85q —(1/10)q? - ¥2 g° + 5q - 300
JT = -(6/10)g* +90q — 300

7' = -(6/5)q +90 = 0 10
-90 "

q= ———=75 and T =-6/5<0
—-6/5

—> g = 75 maximizes the profit and the maximum profit is
7T (75) = -(6/10) (75)? +90(75) — 300
= (75)[ (- 6/10)(75) + 90] — 300 = (75)(-45+90)-300

= (75)(45) — 300 = 3375 — 300 =3075
5




(b) Determine the following integrals

X+3

I ” de Let u = x® +6x+5 , du = (2x+6)dx

(X*+6Xx+5)

du = 2(x+3)dx = (x+3)dx = du/2
=jdu52=1ju2du=1xu—+C=_—1+C

u 2 2 -1 2U

— -1 +C 5

2(X* +6X+5)
| ax — Let u= 2+e* = du=-e>dx
e'(2+e™)

=I e”"dx =I_du =-lnu+C=-In(2+e™) +C S

(2+e™) u

9. (@) A monopolist’s cost function is given by : q2 -1
Where q is the quantity produced, the inverse demand
function for the good is p=32-7q
Determine expressions, in terms of q , for the revenue and

The profit and determine the value of q that maximizes the
profit. Find the maximum profit.

TC=0g°—-1
TR=pqg ,but p=32-7q
TR = (32 — 7q)q = 32q — 79?
7T =TR—-TC =329 - 79° - g° +1 = -8g% +32q +1
7' =.16q+32=0=>q=2
!

T'=-16<0

—> g = 2 maximizes the profit and the maximum profit is
T(2)=-32+64+1 =33

10

(b) Find and classify the stationary points of the function
f(x) = 3x* —4x®-12x* + 9
f(x) =12x° —12x*-24x =0 = 12x(x** = x—-2) =0
—> 12x=0 => x=0 = y=9 = 1% point (0, 9)
or x>’ —-x—2 =0 =>x=-lorx=2
x=-1=y=3(-1)*-4(-1)%-12(-1)> + 9 =4 = 2" point (-1, 4)

x =2 =y =3(2)*-4(2)° -12(2)?+9=-23 = 3" point (2, -23) 10
Nature: f’(x) = 36x? — 24x - 24

atx =0 = f’(0) =-24 <0 = (0, 9) maximizes f(x)
atx =-1 = f’(-1) =36 >0 = (-1, 4) minimizes f(x)
atx=2 =1 (2)=72>0 = (2, -23) minimizes f(x)




10. (@) A firm’s marginal revenue function is given by:
MR= 3/2 . The firm’s total cost function is given by:
TC =6 + q + 49° + 69°
where ( is either the quantity sold or produced.

Find the quantity that maximises the profit and verify
that it is a maximum.

d

MC = d—(TC): 1+8q+18q°
q

Profit is maximum : MC = MR

3
1+8q+18qg° = 5 = 36¢g° +169-1 =0

q_—16i«/400  —16£20 0
72 72
Eith -1 4 _1 Of which onl 1
ither q = — or q = — =— Of which on = —
R CNET: Y97 18

is economically meaningful.
Another Method :

MR = g = TR = jMqu:jgdq=37q+C

C=TR(0)=0= MR=3?‘1
TC:6+q+4qZ+6q3

n = -6q° - 49° + 956 ; d—7T=O:>-18qz—8q+é=0
2 dq 2

1
= 36Q° +160-1 = 0 , same result as above q = 8

3

(b) Show th X X+
ow that : =
x*—1 x*—1
X xX(xX*-1)+x X
X+ 2 - 2 - 2
X" -1 X*—1 X* -1
L X° _ X
Then find : | dx = [(X+ - )dx 10
x? -1 X°—1
X
=1/zx2+J.241dX Let u =x*— 1, du = 2x dx , xdx= %% du
X —
1.du
=162+ ~[— =1+ e nlu| + C =12+ In|X =1+ C

u
7




11. A firm faces a total cost function TC = 20 + 5q + 507
(i) Determine the firm’s average cost (AC) and marginal
cost (MC) functions.

TC 20 4

AC=—=—+5+5q, MC=TC =5+ 10q

g 0

(ii) Find the quantity that minimises the Average cost and
the value of this minimum. Show indeed it is a minimum.

- 20 509° - 20
AC’ = . +5=q—2 6
g g
AC'=0=50°-20=0 = g° =4 = q = -2 (rejected)
orq=2

AC” = 40/q3 and AC’(2) =40/8=5>0=qg=2
minimizes AC and the value of the minimum is
AC(2) =10+5+10=25

(iii) Verify that when q = 2, the marginal cost MC equals | 2
the Average cost.

AC(2) =25,MC(2)=5+20=25.. AC=MCatq=2
(iv) Sketch the graphs of the total cost TC and the marginal
cost MC functions on the same system of axes.




