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SECTION A
Answer all SEVEN questions from this section {60 marks in total)

1. Sketch the graphs of the functions f and g where
fl&)= =2 +3z+10 and  g(z) =2z +4,

and determine their points of intersection.

(1) Ithas N shape since it has negative x* term

—3+/49

(2) Intercepts: x-intercepts : y =0, -x> +3x +10=0, X = )
x-interepts: x =5 orx =-2 = (5,0) ; (-2,0)
y-intercepts: x =0 = y=10: (0, 10)
(3) The maximum :y’ =-2x+3=0 = x=3/2 = y=49/4 = V(3/2,49/4)
-b -3 3
OR, x=—=—>=—= y=49/4 = V(3/2,49/4)
2a -2 2
gx)=2x+4 x| -2 -1 0 1
y | 0 2 4 6
Points of intersection: f(x) = g(x)
X H3x+10=2x+4 = X +x+6=0 = x=-2 or x=3
X=-2 = y=2x+4=2(-2)+4=0, 1% point (-2,0)
x=3 = y=2x+4=23)+4=10, 2" point (3,10)

Graphs:

(3.10)

;X
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2. Find and classify the stationary peints of the function f(z) = 3z* — 42* — 12% + 9.

Px)=12x"—12x"-24x =0 = 12x(x*—x—2)=0

= 12x=0 = x=0 = y=3(0)*-4(0)’ -12(0)* + 9 =9 = 1% point (0, 9)
or X’—x-2=0=>x=-lorx=2

x=-1 = y=3(-1)*-4(-1)* -12(-1)* + 9 =4 = 2™ point (-1, 4)

x=2 = y=32)"-4(2)’ -12(2)* + 9 =-23 = 3" point (2, -23)

Nature:

£°(x) = 36x* — 24x - 24

atx=0 = ’(0)=-24 <0 = (0, 9) maximizes f(x)
atx=-1 = °(-1)=36>0 = (-1, 4) minimizes f(x)
atx=2 = ’(2)=72>0 = (2, -23) minimizes f(x)

3. Use a matrix method to find the numbers z, y and 2 that satisfy the equations
c+y+z=4,2r—y—z=2and —z+y+2z=3.
I 1 1 4 I 1 1 4
2 -1 -1 2|2yl 33 6| Ath
-1 1 2 3 -1 1 2 3
1 1 1 4 I 1 1
033 6/—2L5/03 3 6
0 2 3 7 0O 0 -3 -9

e -3z=-9 = z=3

3y+3z=6 = 3y+33)=6 =>3y=69=-3=>y=-1
xty+tz=4 = x-1+3=4 = x=2
(X’y9z):(2>'1:3)

4.  Suppose that the constant a # —2,0,2. Show that the only critical point of the function
flzy) = 2% + azy + o7,

is (0,0). Determine, for each possible value of a, the nature of this critical point.

fi=2x+ay=0 and f,=ax+2y=0 = y=-ax/2 substitute this in f,

= 2x+a(-ax/2) =0 =4x-a’x=0 = (4—a)x=0

Sincea #-2,0,2 =>4-a># 0 =>x=0/4-2a"=0

x=0=y=-ax/2 =0 = (0, 0) is the critical point.

Nature: fi, = 2,fy,=2,fiy= a = (F)(fy) — ()’ =4-a*=(2-2)2 +a)
2 2

-] o+ ] - fora<2ora>2 i (f)(fiy) - (fy) =4-a><0 = Saddle

For -2<a<+2: (fu)(fiy) - (fy)*=4—2a>>0 and f,, = 2>0 = Minimum.
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5. Determine the following integrals.

(a) /J:" In(z) dz, where n # —1.

cCOos T
) [
—Gln T

(a) (X" Inxdx , by parts

dx
u=Ilnx = du=—
X
n+l1
dv=x"dx =>v=——
n+1
n+1 n+l
X dx
fudv=uv—jvdu = X" Inx dx = - X —
n+1 n+1 X
n+1 n+1
X 1 _ X 1
= Inx - —— X" x x7'dx = Inx - —— [ x"dx
n+1 n+1 n+1 n+1
Xn+1 1 Xn+1 Xn+1 Xn+1
= Inx - X +C = Inx - 7 +C
n+1 n+1 n+l n+1 (n+1)
COS X .
(b) I+2 dX Let u=sinx = du=cosx dx
1—sin” X
du 1 1 a b
=] 5 > by partial fractions: 5= = +
1-u 1-u® (I-u)l+u) 1-u 1+u

= l=a(l+u)+b(1-u)
Chooseu=-1 = 1=2a(0)+2b => b=%
Chooseu= 1= 1=2a+b(0) => a="%

1 dv —Jd—uz-1/21n\1-u\+1/21n\1+u\+c

1
1—u® 2 1-u 1+u

(using du :lln\au+b\+0)
a

au+b

1+u 1+ sin X
=% In——+C= % In——+¢C

1-u 1—sin X
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. .. I 1 . o
6.  Find the minimum value of ~ 4 - for positive x and y satisfying 22 + 3* = 8.
Y

Lagrange : L =f - /1g=l+l—ﬂ,(X2+y2—8)
Xy

L,(:_—21—2)LX:O:>/1:_—31
X X
—1 —1
y y
-1 -1 5 \ .
A=1= —3=—3:> X' =y = x=y substitute forying:

X y
X2+y2=8 = xX+x’=8 = 2’=8=>x=4=>x=12

butx>0,y>0(given) = x=y=2

. 1 1 1 1
Value of the minimum: —+— = —+—=1
Xy 2 2
: . . OV ov
7. Given that V(z,y) = ze***, find the partial derivatives —— and 57
z Y

Suppose that V satisfies

ov oV 1

find the value of the constant a.

I (1)(ex+ay) + (X)( ex+ay) — (1 + X) ex+ay , ﬁ = ax ex+ay

OX

ﬂ + ﬂ = (3+lj\/ = (1+x) "™ +ax ™ = (3%—1}( e
oxX oy X X

1 1
= (1+x+ax)e™ = (3+—)xex+ay = l+xtax= (3+—)x
X X

= (a+ 1)x+1=3x+1 , comparing the coefficient of x :

a+l=3=a=2
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SECTION B

Answer TWO questions from this section (20 marks each)

8. {a) For 0 < ¢ <5, a firm has a marginal cost function given by
MC(q) = 3¢* + 36¢ — 36,
and its fixed costs are 6. If its revenue function is
2¢% + 6% + 9,

find the profit function of the firm and determine the value of ¢ that gives the maximum
profit.

(b) Find the positive number y which is such that

v 2
](1+—2)df=2
. T

(a) TC= [MCdq = [(39° + 360 —36)dq =q3 + 182 -36q + C
FC=TC(0)=40 = 0+0+0+C=6,C=6
TC= q3+18q2 -36q+6
7 =TR-TC=2q3+6q2 +9q-q3 - 18q2 + 36q - 6 =q3 - 1292 +45q — 6

' =3q2-24q+45=0= q2-8q+15=0

8+./64—4(1)(15) 8++4 8+2
d 2 2 2
m"=6q-24, 1" (5 =6(5)—24=6>0 = q=>5 minimises the profit.

= q=5,q=3

n"=6q-24, 7" (3)=6(3)-24=-6<0 = q=23 maximises the profit.

—2+1
(b) }/(1+2x‘2)jx:2 = [x+2x }y=2 = (x—g)){:z
I

-2+1)1

2 2 2 )
> |Yy——|-|]l-—[=2=> y——+1=2=y -y-2=0
y 1 y

= y=2 or y=-1which is rejected sincey >0 = y =2
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9.  {a) Find the critical points of the function

fla,y) = 32 + 92% — 722 + 2y — 1247 — 126y + 19,

and determine their natures.

(a) f(x,y) =3x" + 9x*— 72x + 2y’ -12y* -126y + 19
fi=6x"+18x-72=0 = 2x"+6x-8 = 0 = x=1 or x=-4
f,=6y"—24y—126=0 = y"—4y—-21= 0= y=-30r y=7
The critical points: (1,-3),(1,7),(-4,-3)and(-4,7)
fix = 12x+ 18 , fyy =12y —24 ,fiy= 0
at(1,-3):
= (o) fyy) — (Fy)* = (30)(-60) —0 <0 => ( 1,-3) is a Saddle point.
at(1,7):
= () fyy) — (fy)* = (30)( 60) — 0> 0 and fix =30 >0
= (1, 7) is a minimum point.
at(-4,-3):
= (fo)( fyy) — (Fy)* = (-30)(-60) — 0 > 0 and fix =-30<0
= (-4, -3 ) is a maximum point.
at(-4,7):
= (fo)( fyy) — (Fy)* = (-30)(60) =0 < 0 => (-4, 7) is a Saddle point.

{b) The numbers z,y, z and a are related by the equations

r+2y—2=3
—~r~3y+z=-5
2r+y—z=a

Using a matrix method, find expressions for z, ¥, z in terms of a.

12 -1 3 1 2 -1 3
1031 5|ty 1 o 2| Eih
2 1 -1 a 21 -1 a

1 2 -1 3 1 2 -1 3

0 -1 0 -2 |2hslo 1 0 -2

0 3 -1 6-a 0 0 -1 -a

.z=-a—™>z=a
-y=-2= y=2

x+2y-z=3 =>x+4-a=3 = x=a—-1
x,y,z)=(a-1,2,a)
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10. (a) A village initially contains 100 women. FEach year, of the women who were in the
village at the start of the year, 20% give birth to a daughter and 10% of the women
die. Additionally, each year, 5 new women come to the village from the surrounding
countryside. How many women will there be in the village after ¢ years?

20% borned and 10% died = 10 % survive (are added)
At the start of year 1 : W, = 100(1.1)' + 5
At the start of year2 : W, =W (1.1) +5= [100(1.1)" + 5](1.1) + 5
=100(1.1)* +5(1.1) + 5
At the start of year3 : W3 = W,(1.1) + 5
=[100(1.1)* + 5(1.1) + 5](1.1) + 5
= 100(1.1)3 + 5(1.1)2 +5(1.1)+5

At the start of year t : W= 100(1.1)'+ 5(1.1)"" + 5(1.1) +........... +5
W= 100(1.1)'+ 5[1 + (1.1)"' + (1.1)* + ... +H1.D2 + (1.D]

t t
W= 100(1.1)" +5[1x%]= 100(1.1)t+5[1x%]

t
W= 100(1.1)'+50[(1.1)" —17.
(b) A firm is the only producer of two goods, X and Y. The demand functions for X and
Y are, respectively, given by

I = 8{})}# - ;J’JX) and = 4(9 + QPX - 4.?7Y):

where px and py are the corresponding prices. If it costs §1 to produce one unit of X
and $1.50 to produce one unit of Y, find an expression for the profit function of the
firm in terms of z and y. Hence determine the quantities x and y that maximise the
profit.

The cost function = (1)(x) + (1.5)(y) =x + 1.5y

x =8(Py—Px), y=4(9 +2Px - 4 Py)

Rearrange as simultaneous. Equations in Px and Py

-8Px + 8Py =x,
8Px -16Py=y—-36. Adding the equations:
—X—Y+36 —-2X—-Yy+36
-8Py=x+y—-36 > Py= —————— and Px = g
—-2Xx—-Yy+36 —X—Y+36
Total Revenue = xPx + yPy = x( g )+ y(T)

TR=-x*/4 —xy/8+ 9/2 x — xy/8 —y*/8 + 9/2 y = -x*/4 —xy/4 + 9/2 x—y*/8 + 9/2 y
71 =TR-TC = x*/4 —xy/4 + 9/2 x-y*/8 + 92 y —x — 1.5y

Ty =-Y%X-Y%y+92-1=0= 2x-y+14=0

Ty =-Yx-Yay+t92-15=0= -x-y+12=0

Solving simultaneously forx andy: x=2 , y=10

Toxx = =72, Ty =-"a , Tyy =-"

= (7zxx)(7zyy)—(7zxy)2 =(-B)Y%)—(-%)Y=1/8-1/16=1/16>0

and since 7y, = -'2<0 = (2, 10 ) maximizes the profit.
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11.  Given an amount of capital, k, and an amount of labour, {, a firm produces a quantity
qlk, 1) = k°I* where  is a constant such that 0 < a < 1/2. Each unit of capital costs v
and each unit of labour costs w.

(a} Show that the minimum amount the firm can spend on capital and labour, if it is to
manufacture an amount @, is given by

2v/owQH ),

The product manufactured by the firm sells at a fixed price of p per unit and the raw
materials required to produce each unit cost an amount r where r < p.

(b) Assuming that the firm is acting so as to minimisc its capital and labour costs, usc
the result above to find an expression for the profit made by the firm if it sells an
amount Q.

(¢) Find the amount, @, that will maximise the firm’s profit. (Make sure that the assertion
that the profit is maximised is justified.)

(a) The problem is : minimise KV + IW subject to (k|)a =Q
L=f-Ag=kv+Ilw- 1 (k1* -Q)

a—L=V-}L05k0‘"ll‘)‘=o = ﬂszlk—aﬂr
aka—lla a
oL w Wk al—a+1

—-w-dak M0 4 -—— ==
a| akalal a

w

V N » - - - - - —
A=1=— a+1|a:_ka|a+1:>Vka+1|azwkala+l
o o
k™ —aH| - -1_ W W k w
e L I S e e
k™I v y v 1=y
ad w
k=I— , Substitute this in (k|)“ Q= (_|2)a o)
v \"

— Wi« |2a :Q — |205 ILZQVaW_a
wy

— = (QVaW—a)l/Za _ Ql/Zavl/ZW

k=Y ! _Ql/2ayl/2 1/2V W= QU/2ay /2112
v

The minimum cost : KV + lw

1/2a -1/2 1/2 1/2c 1/2
=(Q

)V+<Q w2 w
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(b) Each unit costs r, Q units cost rQ ,the cost is minimum :

TC=rQ +2/vwQ!/?¢
TR=pQ

d 1-2c 1-2c
0 o= =T =2 AWQ 2 =0 pr = wiQ
(p Na e (p—nNa 12;
— 2a @
w27 =0 ( Jow j
2c
Cr_ 1 1-2a R _ (p—r)ajl—za.
dq-( e) ,AtQ—(m :
-4
a

ﬁ__ll 2a (p—l’)(x)l “2a
== )F[M

dQ°
5 2a 1—4a
d Z:_l(l 205)\/ W (p—r)a)l 2af 2a
dQ a 2a VW
5 -4
dz -2« Wy (p— r)ajl ~2a
sz_ a( 2a [ vvw
0<a<1/2=0<2a0<1=-1<20<0=0<1-2a0<1=1-2a >0
1-2c -1 -1 1-2«
0<a<1/2=a>0= >0 and —<0=> — ( )<0
2o a a 2a
Moreover,r<p:>p—r>0,a>0,\/VW>0:>M>O
VW
1-da 5 1-4a
(p—l’)ajl—za d°’z 1 1-2«a ((p—r)a)l—zzz
= | >O:>—:—— VW[ ——— <0
[ A/ VW dQ? a( 2a ) Nvw

2a

o \1-2a
Hence Q = ((p—)j maximizes the profit.

Jvw



