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           (1)  It has shape since it has negative x2 term  I

2
493

           (2) Intercepts: x-intercepts : y = 0 , -x2 +3x +10=0 ,  
−
±−

=x   

                 x-intercpts: x = 5 or x = -2   (5,0)  ; (-2,0) ⇒
                 y-intercepts: x = 0  y = 10 : (0 , 10) ⇒
           (3) The maximum : y’ = -2x +3 = 0  x = 3/2  ⇒  y = 49/4  ⇒  V(3/2 , 49/4) ⇒

                OR,  x = 
2
3

2
3

2
=

−
−

=
−

a
b

⇒  y = 49/4  V(3/2 , 49/4) ⇒

                      g(x) = 2x + 4    x     -2     -1    0       1     
                                               y      0       2    4       6         
                     Points of intersection:   f(x) = g(x)  
                     -x2 + 3x + 10 = 2x + 4 ⇒  -x2 + x + 6 = 0 ⇒  x = -2  or  x = 3 
                     x = -2   y = 2x+4 = 2(-2) + 4 = 0 , 1st  point (-2,0) ⇒
                     x =  3   y = 2x+4 = 2(3) + 4 = 10 , 2nd point (3,10) ⇒
 
                    Graphs: 
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                   f’(x) = 12x3 – 12x2 - 24x = 0 ⇒  12x(x2 – x – 2 ) = 0  
                   ⇒  12x = 0  x = 0 ⇒  y = 3(0)4 -4(0)3 -12(0)2 + 9  = 9  1st point (0 , 9)  ⇒ ⇒
                   or  x2 – x – 2  = 0  x = -1 or x = 2 ⇒
                   x = -1  y = 3(-1)4 -4(-1)3 -12(-1)2 + 9  = 4 ⇒  2nd  point (-1 , 4) ⇒
                   x = 2   y = 3(2)4 -4(2)3 -12(2)2 + 9  = -23 ⇒  3rd  point ( 2 , -23)  ⇒
                   Nature: 
 
                   f’’(x) = 36x2 – 24x - 24  
                   at x = 0 ⇒  f’’(0) = -24 < 0  (0 , 9) maximizes f(x) ⇒
                   at x = -1 ⇒  f’’(-1) = 36 > 0  (-1 , 4) minimizes f(x) ⇒
                   at x = 2 ⇒  f’’(2) = 72 > 0  ( 2 , -23) minimizes f(x) ⇒
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           ∴ -3z = -9 ⇒  z = 3  
               3y + 3z = 6 ⇒  3y + 3(3) = 6 3y = 6-9 = -3⇒  y = -1  ⇒
                x +y + z = 4 ⇒  x -1 + 3 = 4 ⇒  x = 2 

                      (x , y , z ) = ( 2 , - 1 , 3 )  

 
             fx = 2x + ay = 0  and  fy = ax + 2y = 0 ⇒  y = -ax/2  substitute this in fx 
             ⇒  2x + a(-ax/2) = 0  ⇒4x – a2x = 0 ⇒  (4 – a2)x = 0   
              Since a ≠ -2 , 0 , 2  4 – a2 ⇒ ≠  0 ⇒  x = 0 / 4 – a2 = 0  
              x = 0  y = -ax/2  = 0  ( 0 , 0 ) is the critical point.   ⇒ ⇒
              Nature:  fxx  =  2 , fyy = 2 , fxy =  a ⇒  (fxx)( fyy) – (fxy)2 = 4 – a2 = (2 - a)(2 + a)   
               -2              2  
             -          +          -       for  a < -2 or a > 2  : (fxx)( fyy) – (fxy)2 = 4 – a2 < 0 ⇒  Saddle  
 
           For  - 2 < a < + 2 : (fxx)( fyy) – (fxy)2 = 4 – a2 > 0  and fxx  =  2 > 0 ⇒  Minimum. 
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              (a)    , by parts  ∫ dx ln xxn

                    u = lnx  ⇒  du = 
x

dx
 

                    dv = xn dx   v = ⇒
1

1

+

+

n
xn

 

                    ∫ ∫ = −= vduuvudv ⇒ ∫ dx ln xxn

1

1

+n
xn+

lnx - 
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+

∫
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dx             (b) 
x

x  
sin1

cos
2∫

−
     Let  u = sinx  du = cosx dx  ⇒

                 = ∫
− 21 u
du

  , by partial fractions: 
u

b
u

a
uuu +

+
−

=
+−

=
− 11)1)(1(

1
1

1
2  

 
                  1 = a(1+ u) + b( 1- u)  ⇒
                 Choose u = -1  1 = a(0) + 2b ⇒  b = ½  ⇒
                 Choose u =  1  1 = 2a + b(0) ⇒  a = ½ ⇒
  

                 ∫ = 
− 21 u
du cu

uu
+++=

+
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∫∫ 1ln2/1u-1ln -1/2 
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                 ( using cbau
abau

du
++=

+
ln1

) 

 

                 = ½ =+
−
+ c

u
u

1
1ln  ½ c

x
x
+

−
+

sin1
sin1ln  



For comments, corrections, etc…Please contact Ahnaf Abbas: ahnaf@mathyards.com 
 

 4

 

             Lagrange : L = f - λ g = )8(11 22 −+−+ yx
yx

λ  

                               Lx = 32
1021

x
x

x
−

=⇒=−
− λλ  

                               Ly  = 32
1021

y
y

y
−

=⇒=−
− λλ  

                              λ  = λ   ⇒ 3
1

x
−

 = 3
1

y
−

⇒  x3 = y3  ⇒  x = y  substitute for y in g : 

2             x2 + y2 = 8  ⇒  x2 + x2 = 8  ⇒  2x2 = 8  x2 = 4 ⇒  x = ⇒ ±  
 
             but x > 0 , y > 0 (given) ⇒  x = y = 2  

             Value of the minimum: 
yx
11

+  = 1
2
1

2
1

=+  

 

            
x
V
∂
∂

= (1)(ex+ay) + (x)( ex+ay) = (1 + x) ex+ay   ,  
y
V
∂
∂

 = ax ex+ay  

 

            
x
V
∂
∂

 + 
y
V
∂
∂

 = V
x
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⎠
⎞

⎝
⎛ +

13⎜  ⇒  (1 + x) ex+ay  + ax ex+ay  = ⎟
⎠
⎞

⎜
⎝
⎛ +

x
13 x ex+ay    

 

             ⇒  (1 + x + ax) ex+ay  = ⎟
⎠
⎞

⎜
⎝
⎛ +

x
13 x ex+ay  ⇒  1 + x + ax = ⎟

⎠
⎞

⎜
⎝
⎛ +

x
13 x  

 
             ⇒  (a + 1)x + 1 = 3x + 1  , comparing the coefficient of x : 
 
 
                    a  + 1  = 3  a = 2  ⇒
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(a) TC = dqMC∫  = dq)36  = q3 + 18q2  - 36q + C  qq 363( 2 −+∫

 
          FC = TC(0) = 40 ⇒   0 + 0 + 0 + C = 6 , C = 6  
 
          TC =  q3 + 18q2  - 36q + 6  
 

                 π  = TR – TC = 2q3 + 6q2  +9q - q3 - 18q2 + 36q - 6 = q3 - 12q2 +45q – 6 
                                 
                π ′  = 3q2 - 24q + 45 = 0 ⇒  q2 – 8q + 15 = 0  

 

2
)15)(1(4648 −±

 = 
2

48±
= 

2
28±

 ⇒  q = 5  , q = 3                   q = 

                 π ′′ = 6q – 24 , π ′′  (5) = 6(5) – 24 = 6 > 0 ⇒  q = 5 minimises the profit. 
 
                π ′′ = 6q – 24 , π ′′  (3) = 6(3) – 24 =  - 6 < 0 ⇒  q = 3  maximises the profit. 
 

(b)   ( ) 221
1

2 =+∫
− dxx

y
⇒ 2

112
2 12

=⎟⎟
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⎝

⎛
+−

+
+− yxx   ⇒ 2

1
2 =⎟
⎠
⎞

⎜
⎝
⎛ −

y
x

x  

      ⇒  2
1
212

=⎟
⎠
⎞

⎜
⎝
⎛ −−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−

y
y ⇒  

y
y 2
−  + 1 = 2 ⇒  y2 – y – 2 = 0  

 
     ⇒  y = 2  or  y = -1 which is rejected since y > 0 ⇒  y = 2  
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(a) f(x,y) = 3x3 + 9x2 – 72x + 2y3 -12y2 -126y + 19  

fx = 6x2 + 18x – 72 = 0 ⇒  2x2 + 6x – 8  =  0  x = 1  or  x = - 4  ⇒
                   fy = 6y2 – 24y – 126 = 0 ⇒  y2 – 4y – 21 =  0 ⇒  y = -3 or  y = 7  
                   The critical points : ( 1 , -3 ) , ( 1 , 7 ) , ( - 4 , - 3 ) and ( - 4 , 7 )  
                   fxx  =  12x + 18  , fyy = 12y – 24  , fxy =  0  
                   at ( 1, -3 ) :  
                   ⇒  (fxx)( fyy) – (fxy)2 = (30)(-60) – 0 < 0 ⇒  ( 1, -3 ) is a Saddle point. 
                   at ( 1, 7 ) :  
                   ⇒  (fxx)( fyy) – (fxy)2 = (30)( 60) – 0 > 0 and fxx = 30 > 0  
                   ⇒  ( 1, 7 ) is a minimum point. 
                   at ( -4, -3 ) :  
                   ⇒  (fxx)( fyy) – (fxy)2 = (-30)(-60) – 0 > 0  and fxx = -30 < 0  
                   ⇒  ( -4, -3 ) is a maximum point. 
                   at ( - 4, 7 ) :  
                   ⇒  (fxx)( fyy) – (fxy)2 = (-30)(60) – 0 < 0 ⇒  ( -4, 7 ) is a Saddle point. 
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           ∴ -z = - a ⇒  z = a   
 
               - y = -2 ⇒   y =  2   
 
                x + 2y - z = 3 ⇒  x + 4 - a = 3  ⇒  x = a – 1   

                      (x , y , z ) = ( a – 1  , 2 , a )  
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                20% borned and 10% died   ⇒  10 %  survive (are added) 
                At the start of year 1 : W1 = 100(1.1)1 + 5  
                At the start of year2  : W2 = W1(1.1) + 5 =  [100(1.1)1 + 5](1.1) + 5  
                                                          = 100(1.1)2 + 5(1.1) + 5  
               At the start of year3 : W3 = W2(1.1) + 5 
                                                        = [ 100(1.1)2 + 5(1.1) + 5](1.1) + 5  
                                                        = 100(1.1)3 + 5(1.1)2 + 5(1.1) + 5  
              At the start of year t : Wt = 100(1.1)t + 5(1.1)t-1 + 5(1.1)t-2 +………..+ 5  
              Wt = 100(1.1)t + 5[1 + (1.1)1 + (1.1)2 + ……+(1.1)t-2 + (1.1)t-1] 

              Wt = 100(1.1)t  + 5[
11.1

1)1.1(1
−
−

×
t

] = 100(1.1)t +5[
1.0

1)1.1( −
×

t
1 ]  

                     Wt =  100(1.1)t + 50 [ ] . 1)1.1( −t

 
                 The cost function = (1)(x) + (1.5)(y) = x + 1.5y  
                  x  = 8(Py – Px) ,  y = 4(9 + 2Px - 4 Py) 
                  Rearrange as simultaneous. Equations  in Px  and Py                                                           
                   -8Px + 8Py = x ,  
                    8Px  -16Py = y – 36 .     Adding the equations:  

                    -8Py = x + y – 36 ⇒  Py = 
8

36+−− yx
 and Px = 

8
362 +−− yx

 

                    Total Revenue = xPx + yPy = x(
8

362 +−− yx
) + y(

8
36+−− yx

) 

                   TR=-x2/4 –xy/8+ 9/2 x – xy/8 –y2/8 + 9/2 y = -x2/4 –xy/4 + 9/2 x–y2/8 + 9/2 y 
                    π  = TR – TC = -x2/4 –xy/4 + 9/2 x–y2/8 + 9/2 y – x – 1.5y  

=x                    π  - ½ x – ¼ y + 9/2 – 1 = 0  -2x – y + 14 = 0  ⇒
                    =yπ - ¼ x – ¼ y + 9/2 – 1.5 = 0  - x – y + 12 = 0  ⇒
                   Solving simultaneously for x and y :   x = 2    ,  y = 10 
                   =xxπ  - ½  , =yyπ - ¼  , =xyπ - ¼   

                   ⇒   = (- ½)(- ¼) – ( - ¼ )2 = 1/8 – 1/16 = 1/16 > 0  2)())(( xyyyxx πππ −
                   and  since =xxπ  - ½ < 0  ( 2 , 10 ) maximizes  the profit.  ⇒
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α)(kl  = Q   (a) The problem is : minimise lwkv +  subject to 

              L = f -λ g = lwkv + - λ ( )Qlk −αα  

    
k
L
∂
∂

 = v  - λ α αα lk 1−  = 0  ⇒  λ  = αα
αα α

−+−
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α l
v 1

1   
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∂

 =  - w λ α 1−αα lk  = 0 ⇒  λ  = 1
1
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αα αα
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w

  

         λ  =λ  ⇒  αα

α
−+− lkv 1  =  1+−− αα

α
lkw

  ⇒  v αα −+− lk 1  =  w 1+−− αα lk  

  
v
w

lk
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=+−−

−+−

1

1

αα

α α

 ⇒  αα −+− lk 1  1−αα lk = 
v
w

  ⇒
v
wkl =−1  ⇒  

v
w

l
k
=     ⇒

lk =
v
w

        ,   Substitute this in  =  α)kl( Q ⇒ Ql
v
w( =α)2  

⇒  αα −vw αα
αα

αα −
− ==⇒= wQv

vw
QlQl 22   

⇒ 2/12/12/12/1)( −− = wvQw= Qvl αααα  ;  

⇒ lk =
v
w

 = = 1−lwv 2/12/12/1 −wvQ α wv 1− = 2/12/12/1 wvQ −α  

The minimum cost  : lwkv +   

= ( 2/12/12/1 wvQ −α )v + ( 2/12/12/1 −wvQ α )  w
= ααα 2/12/12/12/12/12/12/1 2)()( QvwvwvwQwvwvQ =+=+  
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(b) Each unit costs r , Q units cost rQ ,the cost is minimum : 

     TC = r  +Q α2/12 Qvw  
     TR = pQ  

     Profit = π  = TR – TC = pQ  – rQ  - α2/12 Qvw  
 

(c) 01 2
21

=−−=
−
α
α

α
π Qvwrp

dQ
d

⇒  α
α

α
2
21

1
−

=− Qvwrp  

     ⇒  α
α

α 2
21

)(
−

=
− Q
vw
rp

⇒
α
α

α 21
2

)( −
⎟
⎠
⎞

⎜
⎝
⎛ −

=
vw
rpQ   

α

           α
α

α
α

α
π 2

41

2

2
)

2
21(1

−
−

−= Qvw
dQ
d

  ,     At  
αα 21

2
)( −

⎟
⎠
⎞

⎜
⎝
⎛ −

=
vw
rpQ  :  

 

             

α
α

α
α

α
α
α

α
π

2
41

21
2

2

2 )()
2

21(1

−

−

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛ −−

−=
vw
rpvw

dQ
d

 

α α

            
ααα

α
α

α
π 2

41
21

2

2

2 )()
2

21(1
−

×
−

⎟
⎠
⎞

⎜
⎝
⎛ −−

−=
vw
rpvw

dQ
d

 

α
αα

α
α

α
π 21

41

2

2 )()
2

21(1 −
−

⎟
⎠
⎞

⎜
⎝
⎛ −−

−=
vw
rpvw

dQ
d

02112100211202

 

              
/10 fppppppppα α − − α ⇒ − α −⇒ α⇒⇒

02

 

/10 fppα α⇒ ⇒  
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2
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 > 0  and  
α

1−
< 0 ⇒  

α
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 (
α
α

2
21−

) < 0        

Moreover ,  r < p ⇒  p – r > 0 , α > 0 , 0fvw ⇒  0)(
f

vw
rp α−

    

⇒ 0)(
f

21
41
α
α

α
⎟
⎠
⎞
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  ⇒
α
α

α
α
α

2
2−

α
π 21

41

2

2 )()1(1 −
−

⎟
⎠
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 < 0              

Hence 
α
α

α 1)( −
⎟
⎠
⎞

⎜
⎝
⎛ −

=
vw
rp 2

2

Q  maximizes the profit.  


