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SECTION A 
Answer all seven questions from this section (60 marks in total). 
 
1. Suppose that a > 0. Find the maximum value of the function 
    f(x) = ln x − ax 
   for x > 0. Hence show that, for all x > 0, aexeax ≤  
 

   f’(x) = 
a
1x1axa

x
10a

x
1

=⇒=⇒=⇒=−  

   f’’(x) = 0
x

1
2 p

−
 for every 0x ≠  ⇒

a
1x =  maximizes f(x)  

   The value of the maximum :                       f(
a
1

) = )()ln(
a
1a

a
1

−  

  With  ln(1/a) = ln1 – ln a = 0 – lna = - lna,            = 1a −− ln  
 
   Since   - lna – 1  is the maximum value , f(x) ≤  -lna -1   (x > 0)  

x 1aax x 1axa+ ≤ −⇒−−≤− lnlnlnln⇒     
    [remember : ln x = a , x = ea] 1axax −≤⇒ )ln( 1axeax −≤⇒

   aexeeaexe
e
axeeax axaxax

1
1ax ≥⇒≤⇒≤⇒×≤ −

−⇒  

2. The functions f(x) and g(x) are 
    f(x) = 2x2 + x − 10, g(x) = 7 − 3x2 − 4x. 
    Sketch the graphs of f and g, and determine the x-coordinates of their 
    points of intersection. 
    f(x) = 2x2 + x − 10 

           (1)  It has ∪ shape since it has positive x2 term  

           (2) Intercepts: x-intercepts : y = 0 , 2x2 + x − 10 = 0  , 
4

811x ±−
=  

                                                               (2,0)  ; (-5/2,0) 
                                  y-intercept: x = 0 ⇒  y = -10 : (0 , -10) 
           (3) The minimum : y’ = 4x + 1 = 0 ⇒  x = - 1/4  ⇒  y = -81/8⇒  V(-1/4 , -81/8) 

                OR,  x = 
4
1

a2
b −
=

−
⇒  y = -81/8 ⇒  V(-1/4 , -81/8) 

   g(x) =  − 3x2 − 4x + 7  
           (1)  It has shape since it has negative x2 term  I

           (2) Intercepts: x-intercepts : y = 0 , -3x2 - 4x +7=0 ,  x = 1 , x = - 7/3 
                                                        (1,0)  ; (-7/3,0) 
                                   y-intercept: x = 0 ⇒  y = 7 : (0 , 7) 
           (3) The maximum : y’ = -6x - 4 = 0  x = - 2/3  ⇒  y = 25/3  ⇒  V(-2/3 , 25/3) ⇒

                OR,  x = 
3
2

6
4

a2
b −

=
−
−−

=
− )( ⇒  y = 25/3  ⇒  V(-2/3 , 25/3) 
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      of intersection:                Points    f(x) = g(x)  

                     2x  + x − 10 = − 3x  − 4x + 7 5x  + 5x -17 = 0 2 2 2⇒  ⇒  
10

3655x ±−
=  

 
                  Graphs:   

 

 
 

. Use a matrix method to find the numbers x, y, z that satisfy 

         

⎥
⎥
⎥

⎦

⎤

−⎢
⎢
⎢

⎣

⎡

− 3341
2
4

      1-12
11-1

 
3
     x − y + z = 4, 2x + y − z = 2 and −x + 4y + 3z = −3. 
 

⎯⎯ →⎯ − 212 II

⎥
⎥
⎥

⎦

⎤

−⎢
⎢
⎢

⎣

⎡

− 3341
6
4

      33-0
11-1

⎯⎯ →⎯ + 31 II  

 

           

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

1430
6
4

      33-0
11-1

⎯⎯ →⎯
+ 32I I

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

7700
6
4

      33-0
11-1

 

           ∴ 7z = 7  z = 1  
3y  3(1) = 6 -3y = 6-3= 3  y = -1  

      2 ,

⇒
               -  + 3z = 6  -3y + ⇒  ⇒ ⇒
                x - y + z = 4  x +1 + 1 = 4 ⇒ x = 2 ⇒  
                (x , y , z ) = (   -1 , 1 )  
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4. Determine the integral  : ∫
+

dx
1x

x
 

dtxt4dxdx
x2

1tdt21xt 2 =⇒=⇒+=      

 = dtxt4
t
x
2∫ ×∫

+
dx

1x
x

 = dtt
t
x4

∫ ×    Substituting :  = 

   Now 

∫ xdt4  

1xt2 +=  1t2t1tx1tx 24222 +−=−=⇒−=⇒ )(  

    = ∫ xdt4 Ct
3
t2

5
t4dt1t2t4

35
24 ++−=+−∫ )(  

                                                  C1x
3

1x2
5

1x4 35

+++
+

−
+

=
)()(

 

 
. Use the Lagrange multiplier method to find the maximum value, V , of 

f 
nge multiplier. 

   Lagrange : L =

5
    the function f(x, y) = xy3/2 among all combinations of x, y satisfying 
    x+2y = M, where M is a positive number. Determine the derivative o
   V with respect to M and show that this is equal to the value of the Lagra
 

 gf λ− = xy3/2  - λ  (x +2y – M)  

x     L  = 223 y // = 30y ⇒=− λλ 3y  =

    Ly  = yx
4
3xy

4
302xy

2
2121 ==⇒=− // λλ  

                              

3

 y3 = yx
16
9 2   ⇒  

16
9

yx
y
2

3

=   = yx
4
3 ⇒λ λ  ⇒  3y = 

 
16
9

x
y

2

2

=  ⇒  16y2 = 9x2  or 4y =  3x  y = (¾)x 

substitute for y in g : x+2y = M   
 x = 2M/5  y = ( ¾)(2M/5) = 3M/10 

/5   
 , 3M/10) = (2M/5)(3M/10)3/2  

⇒

  y = (¾) x ⇒  x + 2(¾) x = M ⇒ ⇒
  (x,y) = (2M  , 3M/10 )            
The maximum value :V =  f(2M/5
⇒  V = 231

232323

M32M3M2 /
///

+
2323 105105 // ×

×
=× = 25

23

2332 /

M
105

/
/×

×  

= 
23

10
M3 /

⎟
⎠
⎞

⎜
⎝
⎛  23

23

23
23

23

23

M
10
3M

105
32

2
5

dM
dV /

/

/
/

/

/

=
×
×

×=

Since =  23y /=λ
23

10
M3 /

⎟
⎠
⎞

⎜
⎝
⎛ , Hence 

dM
dV=λ  
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. The function f is given by f(x, y) = x3 − y3 − 2xy + 1. Determine the 

partial derivatives 

6

y
ff ∂∂ ,

x ∂∂
. Show that the points (0, 0) and (−2/3, 2/3) 

are critical (or stationary) points of f. Determine whether each of these 

 = 3x – 2y = 0  and  fy = - 3y   - 2x = 0  x = -3y /2  substitute this in fx 

 3(-3y /2  )  – 2y = 0  27y /4 – 2y = 0  27y4 – 8y = 0    
 

 y(27y3 – 8) = 0  y = 0 or 27y  – 8 = 0  y  = 8/27  y = 2/3 
 

or y = 0  x = -3y2/2  = 0  , the first point is (0,0)  

or y = 2/3  x = -3y /2 = -3(2/3) /2 = - 12/18 = -2/3  , the second point is (-2/3,2/3) 

points is a local maximum, local minimum, or saddle point. 
 

2 2 2fx ⇒
 

2 2 4⇒ ⇒ ⇒

⇒ ⇒ 3 3⇒ ⇒

 F  ⇒
 

2 2 F  ⇒
 
 Nature:  fxx  =  6x , fyy = -6y , fxy =  -2  

t (0,0) : (fxx)( fyy) – (fxy)  = 0 – 4 < 0    (0,0) is a saddle point. 

t (-2/3,2/3) : (fxx)( fyy) – (fxy)  = (– 4)(-4) – 4 = 12 > 0 , since fxx  =  6x = 6(-2/3) = -4 < 0  

2/3,2/3) maximizes f. 

. A sequence of numbers xt is constructed as follows: x0 = 1 and every 

   xt = 3xt-1  – 3 

3(3x0 – 3) – 3 = 32x0 – 32 – 31 = 32x0 – (31 + 32) 

 
2A ⇒

 
2A

 
(-
 
7
     other number in the sequence is obtained by multiplying the previous 
     number by 3 and then subtracting 3. Find a formula, in terms of t and 
     in as simple a form as possible, for xt. 
 
  
     x1 = 3x0 – 3  
     x2 = 3x1 – 3 = 
     x3 = 3x2 – 3 = 3(32x0 – 32 – 3) – 3 = 33x0 – 33 1 + 32 + 33) 

   xt = 3 x0 – (3  + 3  + 3 + ……..+3 ) 

   3  + 3  + 3 + ……..+3 is a G.P. of  first term a = 3 and of common ratio r = 3  

     St = 

– 32– 31 =33x0 – (3
 

t 1 2 3 t  
 

1 2 3 t    

2
3

1
13

r
1r tt −−a ×=

−
×  

      xt = 3tx0  - 
2

133
t −

× = )( 13
2
33 tt −−  since x0 = 1  
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ECTION B 
uestions from this section (20 marks each). 

. For each, 
ocal minimum

      f(x) is of the form : u v : 

u’v + v’u = -  + (-4x )(1-x) = 0  

 - 1 -4x(1-x) = 0  4x2 -4x – 1 = 0  

 
S
Answer two q

8. (a) Find the critical points of the function f(x) = −
2x2ex1 −)(

          determine whether it is a local maximum, a l , or a point 
          of inflexion. 
  
   ×
         u = 1- x ⇒  u’ = - 1  

        v = x2e− ⇒  v’ = -4x
2

 
2x2e−  

         f’(x) = 
2x2e− 2x2e−

         ⇒  [ - 1 -4x(1-x)]  = 0 ⇒
2x2e− ⇒

        
2

224324 ±
==

±  substitute se in f to get the v1
8
4

8
x ±
= the alues of y. 

         f’’(x) = (8x-4) + (-4x )(4x2 – 4x – 1) substitute  
2x2e− 2x2e−

2
21±

 in f’’(x) , if the 

you say ximum um. 

) Determine the following integral:   xdx2e x sinsin∫  = 

tituting : 
t) + C  = 2(sinx esinx – esinx) + c  

emember cexedxxe xx +=∫  using i

c) A firm is the only producer of two goods, X and Y . The demand 

 
 function. 

   x = 25 − ½ pX  pX = 50 – 2x  
                                     

 50x –y2 + 30y 

         result is negative  ma  , if positive you say minim
 
 
(b dxxx2e x )cossin(sin∫  

     Let t = sinx ⇒  dt = cosx dx , subs
     dxx2e x )cossi(sin∫  = dtet2 t∫ = 2(tet – exn

    (R x − ntegration by parts). 

 
 (
equations for X and Y are given by x = 25 − ½ pX      ,   y = 30 − pY , 
where x and y are the quantities of X and Y demanded (respectively) 
and pX, pY are (respectively) the prices of X and Y . The firm’s joint 
total cost function (that is, the cost of producing x of X and y of Y ) is
x2 + 2xy + y2 + 20. Find an expression in terms of x and y for the profit
Determine the quantities x and y that maximize the profit. 
 
    ⇒
     y = 30 − pY     ⇒   pY = 30 – y       
    Total Revenue = xPx + yPy = x(50-2x) + y(30-y) = -2x2 +
    π  = TR – TC = -2x2 + 50x –y2 + 30y - x2 - 2xy - y2 – 20 = -3x2 +50x –2xy - 2y2 + 30y - 20 
    =xπ  -6x + 50 -2y = 0 , =yπ -2x -4y +30 = 0,  dividing both sides by -2 
    ⇒  + 2y - 15 = 0  , Sol imultaneously for x and y :   x = 7 ,  y = 4   x ving s
   =  -6 , =yyπ -4 , =xyπ - 2 ⇒ 2)())(( xyyyxx πππ − = (- 6)(- 4) – ( - xxπ 2 )2 = 20 > 0 

    and  since =xxπ  - 6  ( 7 t.  < 0  , 4 ) maximizes  the profi ⇒
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 is in an ed at a current rate of 

 
 

 

ence  

9. (a) A country recession d people are becoming newly unemploy
1000 each week. The Government wants to predict how unemployment will grow and there are 
two different models. In the first model, the rate at which people are becoming newly 
unemployed increases, with the number becoming unemployed in any particular week being 100
more than the number of those who became unemployed in the previous week. (So, in week 1, the
starting week, the number becoming unemployed is 1000, and in week 2 it is 1100, and in week 3 
it is 1200, and so on.) 
In the second model, the rate at which people are becoming newly unemployed also increases, 
with the number becoming unemployed in any particular week being 1% more than the number
of those who become unemployed in the previous week. (So, in week 1, the starting 
week, the number becoming unemployed is 1000, and in week 2, it is 1010, and in week 3 it is 
1020.1, and so on.)  
Find a formula, for each of the two models, for the total number of individuals who become 
unemployed at some point in the first N weeks. (Your answer will depend on N.) 
    Model 1 : 1000 , 1100 , 1200 , …….. is an A.P. of first term a = 1000 , and common differ
                 d = 100  

              SN = [2N ]d1Na
2

)( −+  = [ ]))(( 1001N2000
2

−+ = 
N [ ]1900N100

2
+  

eek1 : 1000 ,  Week2 00 + 1000(0.01) = 1000(1.01) = 1010 
2

ommon  

N

N

    Model 2 : W  : 10
     Week3 : 1000(1.01)  = 1020.1  

.01) , …… is a GP of first term a = 1000 and c   1000 , 1000(1.01) , 1000(1.01)](1
    ratio r = 1.01  

                 S  = 
1r
1ra

N −
−

× = =
−

×
1011

10111000
.

).(
 100 000 [(1.01)N – 1] 

m 

−N

(b) A function f(x) takes the for

f(x) = 2x
a

+ cx
x
b
+  

for som on , be c stants a , c. Given that f(1) = 55, f(2) = 20 and f(3) = 13, find a system of linear 

  

         

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣ 1172731
80      821

equations for a, b, c. By using a matrix method to solve this system, find a, b and c. 
f(1) = 55  ⇒  a + b + c = 55  

 20 ⇒  a + 2b + 8c = 80  f(2) = 20  a/4 + b/2 + 2c =⇒
f(3) = 13  a/9 + b/3 + 3c = 13 ⇒  a + 3b + 27c = 117⇒

⎡ 55111
⎯⎯ →⎯ − 12 II

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣ 1172731
25
55

      710
1⎡ 11

⎯⎯ →⎯ − 1II3  

 

           

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

622620
25
55

      710
111

⎯⎯⎯ →⎯ − 2I23I

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

121200
25
55

      710
111

 

           ∴ 12c = 12  c = 1  
 b = 25 - 7= 18  

5 55  a = 36 
       , 

⇒
               b + 7c = 25 ⇒
                a + b + c = 5 ⇒  a + 18 + 1 =   ⇒
                (a , b , c ) = ( 36  18 , 1 )  
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10. (a) The function f(x, y) is given by  f(x, y) =  Find the partial derivativesyx 2
2 )(ln

x
f
∂
∂

,
y
f
∂
∂

 

 f = au  f’ = u’(lna)au  , u =  u’ = 2(lnx)(1/x)y  ⇒ yx
2

)(ln  ⇒

x
f∂ )ln

x
x yx 2)(ln

∂
 = 2( y (Ln2)   2

y
f
∂
∂

= (lnx)2(Ln2)  

 
) A firm has (weekly) production function given by 

the capital and labour employed. 
e that,   

 

in all other variable costs (raw materials, and so on) for 
  

yx2
2  

(b
     q(k, l) = k1/4l1/4, where k and l denote, respectively, 
     Each unit of capital costs $1 a week and each unit of labour costs $16 a week. Suppos
     when producing any given amount, the firm minimises its total expenditure on capital and  
     labour. Show that when the weekly production level is q, this minimum total expenditure on
     capital and labour is 8q2 per week. 
     Suppose that the firm pays 1 dollar 
     each unit produced, and that the selling price of the good is fixed at 33 dollars per unit. Find
     the weekly level of production q that maximises the firm’s profit. 

    Minimise  lk 16+  subject to qlk =4/14/1  

- λ ( 4/1k )4/1 ql −       L = f -λ g = lk 16+      

  
k
L∂
∂

 = 1 – (λ /4) 4/14/3 lk −  = 0  ⇒  λ   4/14/34 −k l=             

l
L
∂
∂

 = 16 - (λ /4) 4/34/1 −lk  = 0 ⇒  λ  = 4341 lk64 //−   

λ  =λ  ⇒  4341k l64 //− = 4/14/34 −lk ⇒ 1
lk

lk16
4143

4341

=−

−

//

//
 

⇒  1lkl 41434341 =−− ////  16⇒ 111 =− lk  ⇒  1
k

l16
= ⇒  l16k =  16k

       Substitute this in k1/4l1/4 = (16l)1/4l1/4  = q q  ⇒ ⇒  41212141 16qlql16 //// /=⇒=  

       Squaring : 
416

l 21 /
 , w 6 (q2 ) = 4q2  

       minimum expenditure : 

qq 22

== ith k = 1 l = 16 /4

lk 16+  = 4q  + 16(q /4) = 8q

= 33q  , TC = 8q2 + (1)q = 8q  + q 

2 2 2 

 

2       TR = pq 

=
dq
dπProfit = π  = TR – TC = 33q - 8q2 – q = -8q2 + 32q , -16q + 32 = 0  q = 2  

11.(a) Find and classify the critical points of the function  f(x, y) = x + 2x  + 2xy  + y . 

x

⇒
42 2

          f = 1+4x+2y2 = 0 ⇒  x = 
4

12 2 −− y ; f  = 4xy + 4y3= 0     y

     4(⇒
4

12 2 −− y )y + 4y3 = 0  (-2y2-1)y +4y3= 0  

     (-2y2-1+4y2) =0  y(2y -1) =0 y = 0  or  y = 

⇒

⇒ y ⇒ ⇒ 2/1±   2
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     For  y = 0  ⇒  x = -1/4 ,  for    y =  21 /±   ⇒  x = -1/2  

int  , −1/ 2The critical po s are : (-1/4 , 0 ) , (-1/2 ) , (-1/2 , 2/1 )   

es f or a saddle point: (fxx) ) –      

1/4) +12(0)= -1,f12 =4y = 4(0) = 0 

To check whether it maximises or minimis (fyy
2

xyf
         fxx = 4,  fyy = 4x + 12y2 ; fxy = 4y  
at (-1/4 , 0 ):fxx= 4, fyy = 4x + 12y2 = 4(-

(fxx)( fyy) – 2
12f  = (4)(-1) – 0 = -4 < 0 ⇒  (-1/4 , 0 ) is a Saddle point. 

at (-1/2 , 2− ): fxx = 4,  fyy = 4; fxy1 /  = 2/4−  

(fxx)( fyy) – 8 > 0 Since fxx = 4 > 0 ; (- 
2

xyf  = 1/2 , 2/1− ) minimises f . 

at (-1/2 , 2/4 ⇒ ) – 
2f  = 8 > 0  ) :  f  = 4,  f  = 4; f  = 2/1 xx yy xy   (fxx)( fyy

 4 > 0
xy

Since fxx =  ; (-1/2 , 2/1 ) minimises f  

   (b) An investor saves money in a bank account paying interest at a fixed rate of 4%, where the  

](1+r) + L 

            A
)2 +L(1+r) + L 

    

 
  
           interest is paid once per year, at the end of the year. He deposits an amount L at the   

l to            beginning of each year for n  years. Show that he will then have saved an amount equa
           25L((1.04)n − 1) immediately after his last deposit. 
             At the beginning of year 1 : L 
             At the beginning of year 2 :  

P2=(L)(1+r) + L  
             At the beginning of year 3 :  

P3=P2(1+r) + L 
   =[(L)(1+r) + L
P3= L(1+r)2 + L(1+r) + L   
At the beginning of year 4:   
P4 = P3(1+r) + L 

1+r) + L](1+r) + L      = [L(1+r)2 + L(
P4 = L(1+r)3 +L(1+r)2 + L(1+r) + L    
t the beginning of the Nth year : 

-3+…+L(1+r            PN =L(1+r)N-1 + L(1+r)N-2+L(1+r)N

            PN = L[(1+r)N-1 + (1+r)N-2 + ……+(1+r)2+(1+r)+ (1+r)0] 
                    Now : (1+r)0 + (1+r) + (1+r)2 + ………+ (1+r)N-1  is         

            a Geometric Progression of first term 1 , common ratio   (1+r)  
            and number of terms = N  
     Its sum is : 

r
1r1

1r1
−+

=
−+

)(  

     PN = L 

1r11
N −+

×
)( N

      with r = 0.04,  PN = L ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
040

1041 N

.
).(⇒

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −+
r

1r1 N)(   = 25L((1.04)n − 1)   

    
(c) Show that the sum of the first n positive even numbers is n2 + n.      

           The Arithmetic progression : 2 , 4 , 6 , 8 , ………. 
            a = 2 , d = 2  

[            ] [ ] [ ] nn2n2
2
n21n4

2
nd1n

2
2 +=+=−+=−+ ))(()(  

END OF PAPER 
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