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Examiner’s report 2003

Zone A

Exam technique: general remarks

We start by emphasising that candidates should always include their working. This
means two things. First, they should not simply write down the answer in the exam
script, but explain the method by which it is obtained. Secondly, they should include
rough working. The examiners want you to get the right answers, of course, but it is
more important that you prove you know what you are doing: that is what is really
being examined.

We also stress that if a student has not completely solved a problem, they may still be
awarded marks for a partial, incomplete, or slightly wrong, solution; but, if they have
written down a wrong answer and nothing else, no marks can be awarded.

Specific comments on questions

1. The fact that ¢ is given as a function of p suggests that it is natural to place p on the
horizontal and g on the vertical axis, but these could be interchanged. The supply and
demand curves are quadratic. To sketch the supply curve accurately, you need to realise
that it has a parabolic ‘U’ shape (if we plot ¢ against p, as suggested above). Since
the demand curve has a negative ¢? term, it is an upturned ‘U’ shape. An accurate
sketch of each will need to indicate where the curves cross the axes, and will need to
show also that the minimum of the supply and the maximum of the demand are to the
left of the ¢ axis. (The position of these can be obtained using differentiation.) The
intercepts (v/57 — 7)/2 of the supply curve and (v/161 — 1)/2 of the demand curve on
the p axis should also be shown. (And the values should be left like this—indeed, this
has to be, since no calculators can be used). It is never adequate simply to determine
a few points on the curve and then join them up: this is plotting, not sketching. (See
the first paragraph on Page 19 of the Subject Guide.) To determine the equilibrium
price, we solve p? + 7p — 2 = —p? — p + 40, which is equivalent to 2p® + 8p — 42 = 0,
and has solutions 3, —7, of which only 3 is economically meaningful. The equilibrium
quantity is 28.

2. We find f'(z) = ¢ — 1/x. Solving f'(z) = 0 gives 2 = 1/e. Also, since f"(z) =
1/2% > 0, z = 1/c gives a minimum. (We can also see this by examining how the sign
of f' changes around = = 1/¢.) So, for all z > 0, f(z) > f(1/c), since z = 1/c gives a
minimum. (We might note also that since f(x) increases without bound as x increases,
and since & = 1/¢ is the only local minimum, it is in fact a global minimum.) Thus,
for all z > 0,

flx) = f(1/e) = c(1/c) = In(1/e) = 1 —In(1/e).

But f(z) =cr —Inz, and so cx —Inz >1—1n(1/c), or

Inz <cr+mn(lfc)—1.

3. The easiest way to tackle this integral is by the substitution « = Inz, on which it

du .
becomes / —» and so the answer is —1 Jut+e=—1/Inxz+c.
S
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4. We solve df /0x = 0 = 9f/dy simultaneously. This gives 20z — 2y + 10 = 0 =
—2x+ 10y + 6, with solution # = —4/7 and y = —5/7. The second derivative test must
then be applied to prove that the critical point is a minimum: this requires noting both

that 0%f/0z* > 0 and ‘
Prof (Pf :
ox? dy? oxdy ]

5. The problem is to minimise 3k + [ subject to the constraint 4k'/2]'/6 = Q. (Some
students had difficulty extracting this from the description in the problem.) The La-
grangean is therefore

L=3k+1— A4k — Q).

Then, the first-order conditions are

JL o1 e
- _2/\k,7l/zllf(\ _
ok 3 0
oL 2

SN VRV
a0 Sx\fﬁ‘ I 0

AR = Q.

From the first two equations,

N = gklfﬂl—lfﬁ — gkil/?ls/‘fjﬁ

which on simplification just becomes k& = I. Then the third equation shows that
4k2EYS = Q or kK% = Q/4 and hence | = k = (Q/4)** = *?/8. (You do not
need a calculator for this: 432 = (41/2)3 = 23 = &) The value of the minimum cost
is therefore 3k + 1 = @*?%/2. There is no need to prove that this minimises the cost:
second-order tests for constrained optimisation are not included in this subject.

6. The system expressed in matrix form (a step some forgot) is

1 1 3\ /= 6
2 1 1||yl=]1
-5 —2 2/ \z 7

(The system ‘expressed in matrix form’ is not the augmented matrix.) The standard
matrix method approach is now to reduce the augmented matrix to reduced form. Here
is one way. (There are others, equally valid.)

1 1 16 1 1 3 6 11 3 6 113 6
2 1 11f—-10 -1 -5 -11|—=(01 5 11 |—] 015 11
-5 =2 27 0o 3 17 37 03 17 37 002 4

It follows, from this last matrix, that

r+y+3z = 6
y+52 = 11
22 = 4.

So, z=2,y=11-5(2)=1and 2 = 6 — 3(2) — 1(1) = —1. Simply manipulating
equations does not constitute a matrix method, which the question specifically asks
for, and gets no credit. Some candidates used Cramer’s rule. This is a technique not
discussed in the Subject Guide, and the computations required are more difficult. We
recommend the reduction technique, but Cramer’s rule, carefully applied, gives the
correct answer.
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7. If yy is the required amount, then we have
y1 = (1.05)100 + 200, o = (1.05)y; + 200 = 100(1.05)* + 200(1.05) + 200,
and, in general,

yny = 100(1.05)" + 200(1.05)" 1 4 200(1.05)Y 2 + - - - 4+ 200(1.05) + 200
= 100(1.05)" + 200 (1+ (1.05) + (1.05)* + -+ + (1.05)Y 2 + (1.05)" )

, 1— (105N
= 100(1.05)Y + 200———L
00(1.05)™ + 200 (05

= 100(1.05)" + 4000 ((1,05)1“' - 1) .

where we have used the formula for a geometric series.

8. (a) Because the firm is a monopoly, the selling price is, from the demand equation,
p=20— g, and so the revenue is ¢(20 — g) = 20g — ¢*. Now,

TC = fMqu - f(3q2 Y d)dg = q* +4q +c,

and since the fixed cost is 10, we have T'C'(0) = 10 and hence ¢ = 10. So the total cost
is ¢® +4¢+10. The profit is therefore II = —¢> — ¢® + 16¢ — 10. Solving II' = 0 amounts
to —3¢% — 2q + 16 = 0. Solving this quadratic by the standard methods, we have ¢ = 2
or —8/3, and clearly it is the positive solution that is economically meaningful. Then,
II” = —6q — 2 and so I1"(2) < 0, showing that II is maximised at 2. The maximum
value of IT is TI(2) = 10.

(b) The total revenue is xpx + ypy = x(50 — 2z) + y(30 — y). So the profit is 11 =
TR —TC = 50x — 222 + 30y — 2y* — 22y — 20. The critical point is obtained by
solving 9l1/dz = AT1/dy = 0, and this leads to = 7 and y = 4. Applying the second
derivative test verifies that this gives a maximum of II. The prices are py = 36 and
Py = 26.

9. (a) In the first integral, the numerator is exactly one half of the derivative of the
denominator, so the answer is (1/2) In(z? + 22 + 8) + ¢ (as can be seen explicitly by
making the substitution 4 = 22 4+ 2z + 8). For the second integral, partial fractions
reveals that
r+3  2/3 1/3
24+5r4+4 w4+l w44
so the integral is (2/3)In |z + 1]+ (1/3) In |z + 4] + c.

(b) Note that the question asks for the number of units sold after N weeks. This means
the total sales up to the end of the Nth week, not just the sales during the Nth week.
Consider the first model of sales growth, (i). Here, after N weeks, the total sales will
be

1000 + (1000 4 100) + (1000 + 2(100)) + - - - + (1000 4+ 100(N — 1)).

By the formula for an arithmetic progression (with first term 1000, and common dif-
ference d, and with N terms), this simplifies to

N ‘
5 (2(1000) + (N — 1)(100)) = 950N + 50N”.

In case (ii), we instead have that the total sales are
1000 + 1000(1.02) + 1000(1.02)% 4 - - - 4 1000(1.02)V !

which, by the formula for a geometric progression (with first term 1000, common ratio
1.02, and N terms), is

1- (102 | .
1000 (1_7102) = 50000 ((1.02)" —1).
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10. (a) Given the information in the question, we can see that
g1)=18=a+b+e, q(2)=18=a/4+b/2+2¢, ¢(3)=19=a/9+b/3+ 3c.

Multiplying the second and third equations by 4 and 9 (to get rid of fractions), we
have the system

a+b+c 13
a+2b+8 = 72
a+3b+27¢c = 171.

Solving by reduction, we have:

11 1 13 11 1 13 11 1 13 1 11 13
12688 72 |—-101 7 58 | =01 75 [—=]01T7259
1 3 27 171 0 2 26 158 01 13 79 006 20

It follows that ¢ = 20/6 = 10/3, b = 59 — 7c = (177 — 70)/3 = 107/3, and then
a=13—b—c=(39— 10— 107)/3 = —26.

(b) By the chain rule,
O (z=y\" _  (r-y\" O (z-y
Or \x+y N Tty 0 T+y
( ) (T+1j x—y))
n —
r+y r-H

2721/71/

(2“ + y)n-H

Similarly,
% = 72-711‘7(:6 — "

Ay T (w )t

11. This is a constrained optimisation problem. We want to find the values of x; and
2y that maximise the utility function 2,/x; + /T2 subject to the budget constraint
p1ry + pare = M. The Lagrange multiplier method can then be used, with

L =27 + 3 — My + paxa — M) .

The equations to be solved are

oL 1

dry /T b=

oL 1
= —Ape = 0
51'2 2\ /T2 P2

P+ pers = M.
From the first two equations,
1 1

PiIVTL 2pa/Ta
0 /21 = 2(pa2/p1)\/T2 and hence x = 4p3/pixs. Then the third equation tells us that
”m ( zgrv) + poxe = M
and so the optimal z; and z» are given by
* Mp,
T W)

The corresponding value of A is

o L U dpmatpt 1 JAp
pyT m Y\  4AMps MV pipe

For the last part, there is no need to calculate V: we can simply use the fact that
OV/IM = A* (and we have just calculated A*).

4Mpy
dpips +pi’

*
1
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Examination paper for 2004

The format of the 2004 examination will be the same as that of the 2003 examination;
namely seven compulsory questions in Section A and two questions to be chosen from
four in Section B. Candidates should ensure that they have covered the bulk of the
course in order to perform well in the examination: it is bad practice to concentrate
only on a small range of major topics in the expectation that there will be lots of marks
obtainable for questions on these topics. There are no formal options in this course:
all students should study the full extent of the topics described in the syllabus and
subject guide. In particular, since the whole syllabus is examinable, any topic could
potentially appear in Section A.

Students are reminded that calculators are not permitted in the examination for this
subject, under any circumstances. It is a good idea to prepare for this by attempting
not to use your calculator as you study and revise this subject.



