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SECTION A
Answer all SEVEN questions from this section {60 marks in total)

Sketch the graphs of the functions f and g where
flz) = —2* + 3z + 10 and g(z) = 2z + 4,

and determine their points of intersection.
Find and classify the stationary points of the function f(z) = 3z* — 4z — 1222 + 9.

Use a matrix method to find the numbers z, ¥ and 2z that satisfy the equations
r+y+z=42zx—y—2z=2and —x+y+2z=3.

Suppose that the constant a # —2, 0, 2. Show that the only critical point of the function
fle,y) = 2% + azy + ¢,

is (0,0). Determine, for each possible value of a, the nature of this critical point.

Determine the following integrals.
(a) /a:" In{z) de, where n # —1.

(b) / SR da

1 —sin“z
e . 1 1 o e 2 . 3
Find the minimum value of — 4+ — for positive x and y satisfying 2= + y* = 8.
r Yy

v av
Given that V(z,y) = ze*™, find the partial derivatives —— and ~—.

Oz Oy
Suppose that V' satisfies

oV oV 1

find the value of the constant a.
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SECTION B

Answer TWO questions from this section (20 marks each)

{a) For 0 < ¢ <5, a firm has a marginal cost function given by
MC{q) = 3¢* + 36 — 36,
and its fixed costs are 6. If its revenue function is
2¢° + 6¢° + 9,

find the profit function of the firm and determine the value of g that gives the maximum
profit.

(b) Find the positive number y which is such that
Y 2
[ (1 + —2) dr = 2.
1 T

{a) Find the critical points of the function
flo,y) =32% +92° — T2z + 2° — 12¢° ~ 126y + 19,

and determine their natures.

{b) The numbecers z,y, z and a are related by the equations

T+2—2=3
—r—=3y+z=-5
2x+y—z=a

Using a matrix method, find expressions for z,y, z in terms of a.
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10. (a)

A village initially contains 100 women. Each year, of the women who were in the
village at the start of the year, 20% give birth to a daughter and 10% of the women
die. Additionally, each year, 5 new women come to the village from the surrounding
countryside. How many women will there be in the village after ¢ years?

A firm is the only producer of two goods, X and Y. The demand functions for X and
Y are, respectively, given by

r=8py —px) and  y=4{9+2px —dpy),

where px and py are the corresponding prices. If it costs $1 to produce one unit of X
and $1.50 to produce one unit of Y, find an expression for the profit function of the
firm in terms of z and y. Hence determine the quantities = and y that maximise the
profit.

11. Given an amount of capital, k, and an amount of labour, [/, a firm produces a quantity
q(k,1) = k*I* where « is a constant such that 0 < a < 1/2. Each unit of capital costs v

and each unit of labour costs w.

(a)

Show that the minimum amount the firm can spend on capital and labour, if it is to
manufacture an amount ¢, is given by

2/ TwQY %)

The product manufactured by the firm sells at a fixed price of p per unit and the raw

materials required to produce each unit cost an amount r where r < p.

(b)

(c)

Assuming that the firm is acting so as to minimisc its capital and labour costs, use
the result above to find an expression for the profit made by the firm if it sells an
amount .

Find the amount, 7, that will maximise the firm’s profit. (Make sure that the assertion
that the profit is maximised is justified.)

END OF EXAM
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