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Numerical Integration Handout #6

Taylor’s Expansion
The Taylor polynomial for the function f(x) about x=a is

F(x)=f(a)+2=2f(a)+ (x—a) ) fr'(a)+ (x-a) ) f(a)+ ...
Maclaurin’s Expansmn

Witha =0, f(x)_f(0)+—f(0)+—f"(0) —f"'(0)+ .......

Example: Expand f(x) = Arctanx = tan™x

f(0) =Arctan0=0; (X)) = ! . )y=1; f'(x) =
1+ X

-2
(1+x2)2

0 f'”(x) = -2 ,substituting all these in the Maclaurin’s formula:

Arct 0+ (1)+X2(0)+X3(2) > 2 X7+
rctanx = X — — =X-—+ —-—+ .
2! 3! 3 5 7
Famous Expansions :
§ 2 X3 - X3 X5 X7
e =1+X+ — + —+ ... ;o sSink=X- — 4+ —- — ...
2! 3! 3! St 71
X’ x4 X° X’ x3
cosx=1- — + —- — ........; In(a+x) = g s
2! 4' 6! a 2a’ 3a

Note that expansion of Inx is not possible by Maclaurin’s since the
derivatives of Inx at x = 0 ,do not exist : f'(xX) = 1/x then f'(0) =
1/07?? However, the expansion of Inx about x = a (a# 0) using Taylor’s is
possible :

(x-a)® - ... ;e.g. Inxaboutx =1

(x-a)* +

InXx = Ilna + —(x-a) -
a

2a’

In x =In1 + E(x-l) - l(x—l)2 + 1(x—l)3 - = (X-1)- 1(x—1)2+ 1(x—l)3 -
1 2 3 2 3
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Deducing Expansions Suppose we need the expansion of e™ or e* or
2
e ,we can do this using the expansion of e* without doing any

2 3
X
computation : we have : € =1 + x + E + §+ ..... to get the expansion
of e™ simply replace x by —x in the expansion of e* :
2 3 2 3
— X —X X X
e*=1+(-x) + ( ) + ( ) +...=1-X+ — - — +
2! 3! 21 3
Example: Find the expansion of e®“** up to the term x* ,deduce the
2 3
X
expansion of e® ;we have e =1 + x + E + §+ ....and cosx =1 -
x> x x> x* | |
— + — ... >COSX—1=- — + —- ... Now replace the whole expansion
2! 41 2! 41
of (cosx—1) by x in the expansion of e* :
x> x' 1 x> X' 1 x* X'
eCOSX—l:1+(__+__”l)+_(__ +_—...)2 +_(—_+_—... )4
2! 41 2! 2! 41 41 2! 41

Note : for the square : find the first two terms only as in (a-b)* = a® — 2ab
for the Cube and up : cube only the first term .

— x2+x4 +1( x* 2x6 )+1(x8 ,
e = - — —_—. —(—-2— ... —(— ...
21 4l 217 (21 214 41 (21y'
L x2+x“+1(x“) L x2+x“+ (only up to X )
=1 - — —t —(——=)=1 - — — 4. only up to x
21 41 210 (21 21 6
ecosx_ e(ecosx—l) — e(l X_2 + X_4_|_ )
o1 g T
Example : find the expansion of €* sinx up to x°
X2 3 - X3 X5 X7
we havee* =1 +x+ — + —+ ....andsinx=x- — + —- — ...
2! 3! 3! 51 71
X2 X3 X3 5 7
*sinx =(1+ X+ — + —+ ... -— 4+ — - — .. Multiply :
SSi = (L o gy ) g gy gy ) Multiply
X3 5 X4 XS X5 X3 X5
=X-— 4+ — ... + X% - — .. + — - —— =X+ X+ — - — ...
3! 51 3! 21 213l 3 30
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Simpson’s rule : is used to approximate definite integrals:

Lbf(x)dng[f(a)+4f(a+ h)+2f(a+2h)+4f(a+3h)...+ f(b)]

FETO : Four times even ordinates ; two times odd ordinates.
b-a

Simpson’s rule with n ordinates : h = —1 .
n —

Example: Use Simpson’s rule with 7 ordinates to determine an approximate

+2

value for I 5
44X

obtained by integration by substitution or otherwise.

Compare your answer with a precise answer

f’f(x)dx zn[f(a)+4f(a+h)+2f(a+2h)+ ...... +f(b)]

a 3
whereh=b—a/6 = 2-(-2)/6 = 2/3
jbf(x)dx zg[f (—2) + 4F (-2 + 2/3) + 2f (2 + 4/3) +..... + T(2)]
47 ordinates
f(a) = f(-2) = = 1/8 etc......
(@) =1(-2) 11 (2) etc
+2 dX
| _~0.7853
4+ X
X 1, (X
Using I =—tan (—j+C
a +X a a
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