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Maxima&Minima
Tutoring Sheet #14 — Solution

1. Find the maxima and the minima of the following functions:

a. x
fFxX)=2x=0=>x=0
F’(x) =2 = ’(0) =2 >0 = x =0 minimizes f(x)

b. 2x* + 4
fxX)=8x°*=0=>x=0
f'(x) = 24x*> = ’(0) = 0 => no decision.
We have to study the sign of f(x) = 8x®

X =0 minimizes f(x)
c. x> —x

f(x) =2x° -1 :O:>x:ii2

o) = oLy -4

f(x)—4x:>f(ﬁ) \/§<O

= X = _T;' minimizes f(x) ; f”(%) = % >0
_ 1 .

= x = 72 maximizes f(x).

d.x*+2x + 1
F(X) =2x+2 =0 = x=-1
f’(x) =2 = f’(-1) =2 >0 = x = -1 minimizes f(x)
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e.2 + 4x — x?
F(X) =4-2x=0= x=2
F’'(x) =-2 = '(2) = -2 <0 = x =2 maximizes f(x)

f. 2x°% -15x% + 36x + 4
f(x) = 6x?-30x + 36 =0 = (6x — 12)(x-3) =0
—> X=2 or x=3
f'(x) = 12x-30 = f’'(2) = -6 < 0 = x = 2 maximizes f(X)
’(3) = 6 > 0 = x = 3 minimises f(x).

2. Find the maxima and the minima of the following functlons
a.2x’ + 4 V1
f(X)=4x=0=>x=0 \Y/
X)) =4 = 1(0)=4=>0 '
= X = 0 minimizes f(x)

b. 5 — 3x?
F(X) =-6x=0= x=0 ;
f'(x) =-6 = f(0)=-6<0 / \
_________ | SESSRSERERS

= X = 0 maximizes f(x)

c. 2x3 — 9x? -24x + 10
f'(x) = 6x% -18x -24= 0 => x = -1
orx =24 [\
’(x) = 12x -18
= f’(-1) = -30 < 0 = x = 0 maximizes f(x)
f(4) = 30 >0 = x = 0 minimizes f(x)

d.4\/; - X
ey — & _
f(X)—m—l—O:X—4 f\

f"(X) — __1 ,f”(x) = _?1 <0 (Max)

x+/x
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e. —
X“+1
2 dimnasSess
on 3+ —(2x)(3x) T
o) = 2 2
(x“+1)

_ 2
PO = X3 0= 3 +3=0=>x=-1orx=1

(x“+1)
PO = (—6x)(x? +1)% — (-3x% + 3)(2X)(x* +1)

(x* +1)*

’(-1) = %>O —> -1 minimizes f(x)
(1) = M<O — 1 maximizes f(x)

3. Find all the local maxima and minima of the following
functions,state whether each point is a maximum or minimum
and find the value of the function at each point:

a.y=x—4x+ 2
y =2X—-4=0= x=2
y’” =2 >0 = x = 2 minimizes the function.
To get the value of this minimum , substitute x =2 iny :
y=2°-42)+2=-4

b.y = x3—3x?
Yy =3x*—6x=0=>3x(x-2) =0 => x=0 or x=2
y’ =6Xx—6

Forx =0 ,y” = -6 <0 = x = 0 maximizes the function.
value of this maximum : y = 0% -3(0%) =0

Forx =2 ,y” =6 >0 = x = 2 minimizes the function.
value of this minimum : y = 2% -3(2%) = -4
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C.Yy=X+ —
X
7 _1 1 2
y=1+ —=1-—- =X -1=0=x=-1lorx=1
X X
” 2
y :F
Forx=-1,y"=-2<0 = x=-1 maximizes the function.
. . 1
value of this maximum : y =-1 +— =-2

Forx =1,y =2 >0 = x =1 minimizes the function.

Value of this minimum :y =1 + % =2

dy=x

4.

a.

y=5x*=0=>x=0

y” = 20x°

For x = 0, y’= 0 = Second Derivative Test Fails.
We need to study the sign of the First derivative:

y =5x*>0 VX:+0+

—>No maximum or minimum at this inflexion point.

Find the maximum value of the following functions(show it’s
maximum):

-X
a. f(x) = 1+x)e? of the form u.v

—X —X

U=1+x =>u=1:v=¢e? :>v’:7e2

—X —X

P(X)=uv+vu=(1l)e? + _71e2 (1+x)

(0 14X Z(1-x
fx)=e?|[l1-—|=e?|[—|=0=>x=1
2 2
To verify it is a maximum ,use second derivative test:

S (1-x -1 5 (1-x), -1 7
FOO)=¢e?2 |2 | = (xX)= —e2 |2 |4+ g2
co=er (3] = reo= et (1575
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-1
= f’(1) =0 —%ez <0 = x =1 maximizes f(x)

To find the maximum ,substitute x = 1 in f(x)
-1 -1
f(1) = (1+1) e2=2e? = %
b. f(x) = x-x1In X
f(xX) = 1-[(1)UAnx) + (x)(%)] =1—-(nx +1) =-Inx =0

-Inx =0 = Inx =0 = x = e? = 1(Recall:Inx=a => x = e?)
To verify it is a maximum ,use second derivative test:

’(xX) = - E = ’(1) = -1 <0 = x = 1 maximizes f(x)
X

To find the maximum ,substitute x = 1 in f(x)

fA)=1-1Q)(n1)=1-0=1

5. Find the minimum value of the following functions(show it’s
minimum) :
a. f(x) = e —2Jx ; e’ is of the form eY;its derivative is

. . . 1
U’ eV : the derivative of /X is ——
2&

e . 2( N

f — - _
() = 2& N—) 2& Jx
:%(%eﬁ-l):o = e -1=0

22 = Jx =In2 (Recall: e*=a = x =1Ina)

x = (In2)?
To verify it is a minimum ,use second derivative test:

f(x) = %( 1% e'* - 1) is of the form u.v

=x"” D> uw=-%x

u= -
Vx
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24x 4x
-1 -3/2 1wy 1
’X) =uv+vu=—(e" -1)Xx + e
() 4( ) (4ﬁ )(ﬁ)
_ Vx
f"(x)z—ls(eﬁ-l)+e4 >0
X

4x2
e = el = g2 = 3 (Recall: e™=a)
The value of the minimum : f(In?2) = 2 — 2In2

b. f(x) = x* =In(~/2 X)

V2 1
PO =2x- Y2 2oyt
9 T Jax X
F(x) =0 >2x—%:0—>ZX—%—>2x 1
2 _ 1 F (X) = In (cx)
x———>x—+—
: V2 1 1
. . 1 :>F’(X):—XC=_
f(x)—2+7>0‘v’x CX X

. Example: f(x) = In 3x
X = £+— both minimize f
V2

=> f’(x) = —

http://www.sit.ac.ae/hnd/index.html 6



