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Taylor Series Handout #6
Taylor’s Expansion

The Taylor polynomial for the function f(x) about x=a is
At (a)+ (x—a) ) f'(a)+ (x-a) ) f(a)+ ...

f(x)= f(a)+
Maclaurln S Expan5|on

Witha =0, f(x)_f(0)+—f(0)+—f"(0) —f"'(0)+ .......

Example: Expand f(x) = Arctanx = tan™x
> = f'(0)=

1
f(0) = Arctan 0 =0 ; ' (x) =
0) rctan ) 1o (1+X2)

0 f”(x) = -2 ,substituting all these in the Maclaurin’s formula

Arctanx = 0+ x(@) + @+ X2y =x Xow XX
rctanx = X — — -t — -+
2! 3! 3 7
Famous Expansions :
§ x> X _ x° x5 X'
e =1+X+ — + —+ ... ;o SINX =X - — —— e
2! 3! 3! 5' 7!
XZ X4 XG I ( . ) I . XZ . X3
——m s ; n(a+x) =lna + —- e
a 2a* 3a°

cosx=1- — +
2! 41 6!

Note that expansion of Inx is not possible by Maclaurin’s since the
derivatives of Inx at x = 0 ,do not exist : f'(X) = 1/x then ' (0) =

1/07?? However, the expansion of Inx about x = a (a#0) using Taylor’s is
possible :

;e.g. Inxaboutx =1

Inx = Ina + —(x-a) - (x-a)* +
a 2a’ 3a’
In x=In1 + 1(x-l) - 1(x—l)2 + 1(x—1)3 - =(x-1)- 1(x—1)2+ 1(x—l)3 -
1 > 3 > 3
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Deducing Expansions Suppose we need the expansion of e™ or e® or
- 2 - - - - -
e ,we can do this using the expansion of e* without doing any
2 3
X
computation : we have : e =1 + x + E + §+ ..... to get the expansion

simply replace x by —x in the expansion of e :

), ¢ X

-X

of e

e”=1+(-x) + + +...=1l—-X+— - — +
2! 3! 2 3
Example: Find the expansion of e up to the term x* ,deduce the
2 3
X
expansion of e® ;we have e =1 + x + E + §+ ....and cosx =1 -
x> X x> x* . .
— + — ... >CcOoSX —1=- — + —- ... Now replace the whole expansion
2! 41 2! 41
of (cosx—1) by x in the expansion of e* :
2 4 2 4 2 4
X 1 X X 1 X X
e l=1+(- — + —-. )+ —(-— + —-. ) +—(-— + —-.)*
2! 41 2! 2! 41 41 2! 41

Note : for the square : find the first two terms only as in (a-b)? = a® — 2ab
for the Cube and up : cube only the first term .

— x2+x4 +1( X" 2x6 )+l(x8 ,
e =1 - — + —-.. —(—-2—— ... —(— e
21 4l 217 (217 2141 41" (21)
L x2+x4+1(x4) L x2+x“+ (only up to x*)
=1 -——+ —+ —(—)=1 - — + —+...... only up to x
21 41 21" (21 21 6
ecosx_ e(ecosx—l) — e(l X_Z + X_4_|_ )
o g
Example : find the expansion of €* sinx up to x°
XZ 3 - X3 XS X7
we havee* =1 +x+ — + —+ ....andsinx=x- — + —- — ...
2! 3! 3! 50 71
X2 X3 XS 5 7
sink =(1+Xx+ — + —+ ... -+ — - — ... Multiply :
e eI = (X oy T ) gy gy gy ) MUTtRlY
XX X x* X x° XX xX°
=X-— 4+ —... + X% - — ... + — - —— =X+ X2+ — - — ...
3! 51 3! 21 213! 3 30
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